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KOMBHUHATOPHBIE 3AJIAYM 110 TEOMETPUU

B nocnennee BpeMsi mHTEepeC K KOMOWHATOPUKE B IIKOJIHHOM
Kypce MaTeMaTUKH 3aMETHO BO3pOC. OJEMEHThl KOMOWHATOPUKH,
CTaTUCTUKUA U TEOPUH BEPOATHOCTEH BKIIIOUEHBI B HOBBIE CTAaHAAPTHI 1O
MaTeMaTuKe JUIsi OCHOBHOM u mnpodunbHOM mikod. dopmupoBaHue
KOMOMHATOPHBIX  MPEACTaBICHUH M  pa3BUTHE KOMOMHATOPHOTO
MBIIIJICHUS] IIKOJBHUKOB BXOAMUT B YMCJIO OCHOBHBIX IIeJield OOy4eHMs
MaTeMaTHUKe.

OpnHako OOBIYHO, KOTJa TOBOPAT OO 3JIEMEHTaX KOMOMHATOPHUKH,
MMEIOT B BHUIY 3aJlaud alreOpandeckoro cojJepkaHusg. 37eCh Mbl
paccCMOTpUM KOMOWHATOpHBIE 3a7adyd [0 TEOMETPUH, PEIICHUEM
KOTOPBIX MOXHO 3aHMMAThCS, HAYMHAS C CEABMOIO U MO OJUHHAAIATHINA
Kjacc. YacTp U3 HUX UMEETCs B y4eOHUKaX T€OMETPUH:

1. U.M.CmupnoBa, B.A.CmupnoB. ['eometpus: YueOuuk mist 7-9
KJIACCOB 00111e00pa30BaTeNbHbIX yupexaeHud. — M.: Muemo3una, 2015.
2. U.M.CmupnoBa, B.A.CmupHos. ['eomerpusi: Yuebnuk mis 10-11
KJ1accoB 0011e00pa3oBaTeNbHbIX yupexaeHuil. — M.: Muemosuna, 2015.

B Hacrosielt Oporrtope coOpaHbl KOMOMHATOpPHBIE 3aJayd IO
reOMETPUH, MpeIHa3HAYEHHbIE JUIsI YdYallluXcsi C CEeIbMOIo IO
OJNIMHHAJIIATBIM  KJAacChl,  HampaBlIeHHble  Ha  (opmupoBaHHe
KOMOMHATOPHBIX  NPEACTABICHUH M  pPa3BUTHE KOMOMHATOPHOTO
MBIIIJICHHS IIKOJIHHUKOB.

1. Touku U NpsiMbIe HA MJIOCKOCTH

OnHoli W3 MNEPBBIX AKCMOM TE€OMETPUU, OTHOCSUIEHCS K
B3aMMHOMY PACHOJIOKEHHUIO TOYEK M MPAMBIX HA TMJIOCKOCTHU, SIBISETCS
akcMoMa O TOM, YTO 4Yepe3 JIIOble JBE TOUYKH MJIOCKOCTH IPOXOJUT
€AUHCTBEHHAs NpsMas. YJalmuMcs MOXKHO MNPEIJIOKUTH CIEIYIOLUe
3a/1a4y, UAYLIME C HAPACTAHUEM CIIOKHOCTH.

1.1. CkonbKO IPSIMBIX MPOXOJUT YEPE3 PA3IMUHBIE Naphl U3 TPEX
TOYEK, HE JICKAIIUX Ha OJTHOU MpsIMOM?

Ortser: 3.

1.2. CKOJBKO TpSIMBIX MPOXOJIUT YEpe3 pa3IMuHbIe Mapbl W3
YEeThIPEX TOUYEK, HUKAKUE TPU U3 KOTOPBIX HE JIEKAT HA OJJHON NpsIMOi?

Otger: 6.

1.3. CKOJIBKO OPSIMBIX MTPOXOIAUT YEPE3 PA3NUYHBIC MAPbl U3 MSATU
TOYEK, HUKAKHE TPU U3 KOTOPHIX HE JIe)KAT HA OJHOU MPAMOM?

Ortger: 10.

1.4. CkonbKO IPSAMBIX NMPOXOIUT YEPE3 pas3sInUHbIE Napbl U3 N
TOYEK, HUKAKUE TPU U3 KOTOPBIX HE JIEKAT HA OJHOU NMPSAMON? Y KaKHUTE
CIIoco0 MOCTPOCHUS TAKHUX TOUCK.



Pewmenue. Ilycts A, ..., Ay — N TOYEK, HUKAKUE TPU U3 KOTOPBIX
HE JIe)KaT Ha OJHOU NMpsAMOU. JIJIsl MOCTPOEHUSI TAKUX TOYEK JTOCTATOYHO
OTMETHUTb UX HA OKPYKHOCTH.

BBIICHUM, CKOJIBKO TPSMBIX MPOXOAUT dYepe3 TOouky A; U
OCTaBIIMECS TOYKM. Tak Kak YMCIO OCTaBUIMXCS TOYEK paBHO N — 1 u
yepe3 KKIAYI0 U3 HUX U TOUKY A; IPOXOIUT OJHA IpsAMas, TO HCKOMOE
YUCIO NpsMBIX OyAeT paBHO N — 1. 3aMeTuMm, 4YTO pacCyXIeHHUs,
OPOBEACHHBIE JJIs TOYKM A;, CHpaBeUIMBBI A JIOOOH TOYKH.
[TockonbKy Bcero Touek N M 4epe3 KaXIyrw U3 HUX mpoxoaut N — 1
npsiMasi, TO YHCIO IMOCYHTAHHBIX NOpsAMBIX Oymer paBrHo n(n — 1).
KoneuHno, 3TOT OTBET, KOTOPBIM MOTYT JAaTh y4alllUeCs, HE SBIAECTCS
BepHbIM. Hampumep, ipu N = 3 moxydaem N(N — 1) = 6, a 9MCIIO0 MPSIMBIX
Ha camMoM Jese paBHO 3. XOpoOIlo, €Cly y4Jalluecss caMd JOrafJaroTcs,
YTO MPU YKA3aHHOM BBIIIE MOJACYETE MBI KAXKAYIO NMPAMYI HNOCUUTAIH
NBAXKIBI U MO3TOMY YHCIO MPSAMBIX, MPOXOIAIINX YEpe3 pPa3IudHbIC

n(n-1)
napsl U3 N JaHHBIX TOYEK, PABHO ——— .

[IpuBenem eme OOHO peHIEHWE 3TOM 3aJayd. BeisicHuM, Ha
CKOJIbKO YBEJIMUYMBAETCS YHUCIO MPSIMBIX MPHU T00ABICHUU HOBOW TOUYKHU
K JaHHbIM. Yepe3 JBe TOYKM NMPOXOAUT OJHA mpsAMas. EciM K TaHHBIM
TOUYKaM J100aBIIsIeTCs TPEThsl TOUKA, TO K 3TOM NpsiMON T0OaBisieTcs 1B
OpsiIMblE, MPOXOASAIIME YEpPEe3 TPEThIO TOUKY M OJHY M3 JBYX JAHHBIX.
AHaJIOTUYHO, €CIU J1I00aBUTh N-10 TOUKY A, K JaHHBIM N — 1 Toukam Ay,
..vs Ap1, TO K YUCITy TPSIMBIX, MPOXOJASAIIUX Y€pe3 pa3iMyuHbIe Maphl U3

To4eK Ay, ..., Ap1, 100aBsTCS N — 1 MPAMBIX, MPOXOASIINX Yepe3 TOUKY
A, 1 onHy u3 Touek. Takum 00pa3oM, OOLIEe YUCIO MPSMBIX PABHO
n(n-1)

cymme 1 +2+ ... + n— 1. Ora cymma paBHa

[Toryuennast ¢popmysa yncia NpsIMbIX UMEET OOJIbILIOE 3HAUCHUE,
B JanpHedmeM OyneT TOSIBISATBCA TMPU  PEUICHUH  Pa3IUYHbIX
KOMOMHATOpHbIX 3a7ad. [lockonbKy Kaxkgas mpsiMas OJHO3HAYHO
3a1aeTCsl ABYMs TOYKAMH, MBI, IO CYIIECTBY, BBIYHCIWIIN, CKOJIBKO
Pa3JIMYHBIX AP MOKHO COCTaBUTH M3 N 31eMeHTOB. [Ipu 3TOM HE nmeeT
3HAYEHUE, KAKUE TO AJIEMEHTHI. YHCIIO TaKUX Map HA3bIBAETCS YUCIOM

coueTaHuil 13 N HIEMEHTOB 10 ABa U 0603Ha4aerca C2. Hampumep, eciu
B kinacce 20 yYEHHMKOB, TO YHMCJIO PAa3IUYHBIX Map, KOTOPHIE MOXKHO
06pa3oBaTh U3 yUeHHKOB 3TOr0 Kiacca, paHo C2 = 190.

Cnenyromass cepusi 3ajad CBsi3aHA C YHCIOM IOMAPHBIX
MEePECEYCHU TPSIMBIX Ha TUIOCKOCTU. M3 chopmynupoBaHHOM BHIIIIE
AKCUOMBI HEMIOCPEACTBEHHO CIIEYET, YTO ABE MPSIMBIE MOTYT UMETh HE
0oJ1ee 0HOM O0IIEH TOYKH.



VYyamumMcs: MOKHO NPENJIOKUTh CIEAYIOIIME 3a7aud, UIYIIHUE C
HapacTaHUEM CIIOKHOCTH.

1.5. Kakoe HaunOoiblliee 4YMCIO TOYEK IOMAPHBIX MEPECEUECHHI
MOTYT UMETh TPH MpsAMbIE?

Ortser: 3.

1.6. Kakoe HauOoiiplliee 4YMCIO TOYEK IMOMAPHBIX MEPECEUCHUM
MOTYT UMETh YEThIpE IpsSMbIE?

Ortser: 6.

1.7. Kakoe HauOoiiplliee YMCIO TOYEK IMOMAPHBIX NEPECEUCHUI
MOTYT UMETh MATh NPSAMBIX?

Otser: 10.

1.8. Kakoe HaunOoiblliee 4MCIO TOYEK IMOMAPHBIX MEPECEUECHU
MOTYT UMETh N MPAMBIX? YKaKUTE CIOCOO MOCTPOCHUS TAKUX MPSAMBIX.

Pemenue. 3ametuM, 4TO HaAMOOJbIIEE YHMCIO TOYEK IMOMAPHBIX
MEPECCUCHUI TOJIy4yaeTcsl, €ClAM Kaxaas InpsMas IepeceKkaeTcs ¢
KQKJI0M, U MIPU 3TOM HUKAKUE TPHU MpPSIMbIE HE MEPECEKAIOTCS B OJHOM
Touke. llpumep MOCTPOEHHSI TOMAPHO TNEPECEKAIOIMMXCA MPSIMBIX
NIOKa3aH Ha PUCYHKE |.

Puc. 1
B sTom cnydae kaxaas npsiMas uMeeT N — 1 TOUKy nepeceyeHus ¢
OCTAJIbHBIMU MPSAMBIMU, U Mbl HaXOAUMCS B CHUTYallud, aHAJIOTHYHOMN
cutyauuu 3a1auyu 1.4. Tak kak Bcero npsiMbIX N, ¥ HAa KaKJI0W MPAMOi N
— 1 Touka, To ux obmiee umciao Oyaer paBuo N(n — 1). Ilpu sTom,

IIOCKOJIBKY KQ)XKIYI0 TOYKY MbI IOJCUHTAIN JABAXIbl, YHMCIO TOYEK
n(n-1)
nepeceveHus OyaeT paBHO ———— .
MoxHo ObUTO OBl paccyxaatb U Kopoue. JlefcTBUTENbHO, IS
TOT0, YTOOBI MOJCYUTATh KOJMYECTBO TOYEK MEPECeYeHUs, JOCTATOYHO

moaACYNTaThb, KOJIMYCCTBO Map MPAMBIX, KOTOPBIC MOXXHO 06pa3013aTL us3

n(n-1
JAaHHBIX n Hp}IMLIX. KaK MBI 3Ha€M, 3TO YHUCJIIO paBHO g .

OOpatuM BHUMaHUE Ha TO, YTO (GOPMYJIUPOBKA U PEIICHUE 3a1a4n
1.8 moxoxu Ha POpMYJIMPOBKY U peleHue 3aaauu 1.4.



HeiictButensHo, nepeopMynrpyeM yTBEPKICHHUS 3TUX 3a/1a4.
Vreepxknaenne 1.4. UYuciao npsAMbIX, NOPOXOJAIIMX 4epe3
paszIuyHbIe Mapbl U3 N TOYEK, HUKAKHE TPU M3 KOTOPBIX HE JIEXKAT Ha
. . n(n-1)
OJIHOM IIPSIMOM, PaBHO 5
Vreepxkaenue 1.8. Uucino To4Yek NOMAPHBIX NEPECEUECHH N

NONApHO TMEPECEKAIIIMNXCS MPAMBIX, HUKAKAE TPU M3 KOTOPBIX HE
y n(n-1)
MEepeCceKaroTCsl B OJHOM TOUKE, pABHO —— .
2

Mpb1 BUIMM, YTO €CiIu CJIoBO '"mpsmass" B yTBepxKiaeHuu 1.4*
3aMEHUTh Ha CJI0BO 'Touka", cioBo "Touka" — Ha ciaoBo "mpsimas',
POXOKIACHUE MPSIMON Yepe3 JIBE TOUKU 3aMEHUTH Ha MEPECEUCHHE ABYX
OpSIMBIX, U TMPUHAMIEHKHOCTh TPEX TOYEK MPAMOM — Ha IEpPECECUCHUE
TpeX MPSMBIX B OJHOM TOYKE, TO MOJIYyYUM yTBepkiaeHue 1.8*. Dto xe
OTHOCHUTBCS U K JOKA3aTEIbCTBAM 3THUX yTBEpkAeHUU. OTHO NOIy4daeTCs
W3 JPYroro ykKa3aHHOM BbIIIEC 3aMEHOM. Takas aHaIorWs Ha3bIBACTCS
JIBOMCTBEHHOCTBHIO MEXKIAY TOUYKAMHU U TIPSIMBIMU.

Eme  omHOM  akCMOMOW,  OTHOCAIIEWCS K  B3aMMHOMY
PACIIOJIOKEHUIO MPSIMBIX HA TIJIOCKOCTH, SIBJSIETCSI aKCMOMa O TOM, UTO
npsiMasi pa3OoMBaeT MIOCKOCTh Ha ABe YacTu. [Ipu 3TOM, ecnu 1Be TOUKU
MPUHAJJIEKAT PA3HBIM YacTsIM, TO OTPE30K, COCTUHSIONIMNA ATH TOUKH,
NIEPECEKAETCA C MPSMOW, a €CIIM TOYKHU MPUHAJIEKAT OJHOM 4YacTH, TO
OTPE30K, UX COEAUHSIOLINMI, HE NIEPECEKAETCA C PSIMOU.

VYyamuMces: MOKHO OPEIJIOKUTh CIEAYIOIIUE 3a0a4uu, UAYIIHE C
HapacTaHHUEM CIIOKHOCTH.

1.9. Ha ckompko wyacTed  pa3OWBAIOT IUIOCKOCTH  JIBE
nepeceKaromuecs npsimplie?

Otger: 4.

1.10. Ha ckonbko yacteld pa30MBAIOT IUIOCKOCTh TPU MpPSIMBIE,
[IEPECEKAIOIINECS B OAHOU TOUKE?

Ortger. 6.

1.11. Ha ckonbko yacTed pa3z0MBaIOT IUIOCKOCTH TPH IOMAPHO
nepeceKaronuecs npsiMble, He IepeceKaronuecst B OTHOU TOYKe?

Ortser: 7.

1.12. Ha ckoyibko yacTei pa3OHMBaIOT IJIOCKOCTh YETHIPE MOMapHO
NepeceKarommecss  npsiMble, HUKAKAE€ TPU U3  KOTOPBIX  HE
repeceKaromecs: B OAHOU TOUKe?

Otser: 11.

1.13. Ha ckoibpko dYacTeil pa3OMBAIOT IIOCKOCTh N TIPSIMBIX,
MEePECEKaIOIINXCS B OTHOU TOUKE?

Otser. 2n.



1.14. Ha ckonpko dYacTtel pa3OMBaIOT IUIOCKOCTh N MOMAapHO
MEPECEKAIONINXCSl  MPSAMBIX, HUKAKUE TPU U3  KOTOPBIX  HE
MEPECEKAIOIINECS B OJTHON TOUKE?

Pemienne. BpIsICHUM, Ha CKOJIBKO YBEJIMYMBAETCS YHCIO YacTeH
IUIOCKOCTHU NMPHU J0OABIEHUH HOBOM MPSIMOM K JIaHHBIM. DTO yBEJIMUYCHUE
IIPOUCXOJIUT 32 CYET TOTO, YTO KaKME-TO YAaCTU MIOCKOCTH Pa3OMBAIOTCS
HOBOM TMIpSAMOM Ha MEHBIIME YacTU. Tak, €eclli HMEJIOCh [IBE
nepeceKaromuecs npsiMbie, TO IpU J00aBICHUU TPEThel MPSAMON TpU U3
UMEIOIIUXCSl YEThIPEX YacTe MIOCKOCTH pa30MBAIOTCS Ha JIBE YaCTU U
oO1ee 4nciio oOpa3oBaHHBIX yacTed paBHO 7 = 4 + 3. 3ameTum, 4TO
KOJIMYECTBO YacTel IUIOCKOCTH, KOTOpbIEe Pa30MBAIOTCS Ha JIBE YaCTU
HOBOU IIPAMOW, PaBHO KOJIMYECTBY 4acCTEW HOBOW MPSIMOM, HA KOTOPBIE
OHa pa30MBaeTCs] TOYKAMU MEPECEUECHHS] C HMEIOMIMMUCS MNPSIMBIMH.
Kaxnas Takas 4acTh HOBOM NpsSIMOM pa30MBAET COOTBETCTBYIOIIYIO
YacTh IUIOCKOCTH Ha JBe 4acTu. [[oCKONbKY N-1 mpsiMasi IepeceKaeTcs ¢
N — 1 mpsMoii, To oHa pa3OuBaeTcs Ha N YacTell U MO3TOMY YMCIIO YacTel
IJIOCKOCTH yBenuuuBaetcs Ha N. TakuMm oOpa3om, odliee Ynucio yacTei,
Ha KOTOpBIE N TPSIMBIX pa30MBAIOT IJIOCKOCTh, paBHO 4 + 3 + ... + .

Haxoxxnenue GgopMyIibl 151 3TOM CyMMBI MOKET OBITh MPOBEIACHO
YUCTO TE€OMETPUYECKMMU METOAaMU. YKaKEM Ha OIUH U3 HUX,
MO3BOJISIONIUI HalTu cymmy 1 +2 + ... +n.

Paccmotpum kBaapat (N + 1) X (n + 1). Yncno ero KIeToK paBHO
(n+ 1)2. [ToacuuTaeM 3TH KIIETKH 1O AUArOHAISAM. B 1iepBOoM auaroHaim
MMeeTCs o/lHa KiieTka. Bo BTopoi nuaronanu — 2. 1 Ttak ganee, B N-oi
nuaroHanu — N. TakuM oOpa3om, oOlee YKCiIO KIETOK B JIMArOHasX,
pacnojoxeHHbIX Huke (N + 1)— oit (0osbIIoi) Auaronanu, pagHo 1 + 2
+ ... + n. Amnagorm4yHo, oOOIIee 4YHCIO KIETOK B JUArOHANIAX,
pacnojoxeHHbIX BbIre (N + 1)— oit (OoybmIoi) nuaroHaiu, paBuo 1 + 2
+ ... + n. [lockonbky B Oonbiioi nuaroHanu (N + 1) kiaeTok, To oodIiee
YHUCJIO KJIETOK B KBaJpare, MOJACUUTAHHOE MO AUaroHaxsiM paBHo 2(1 + 2
+...+n)+ (n+1). CienoBarenbHo, uMeeM paBeHcTBO 2(1 +2 + ... +n)
+(n+ 1) = (n + 1)% u3 KOTOPOro MoTydaeM
(n+1)*-(n+1) (n+1)n

1+2+..+n=
2 2
Hcnons3ys 3Ty hopmyiy, HAXOAUM UCKOMOE YMCIIO YacTeu
n+1)n
4+3£“+n=£——L+L

2. OKpy:KHOCTH
BmecTo npsMbIX Ha MIOCKOCTH MOYXHO PACCMOTPETh OKPY>KHOCTHU
U BBISICHUTH KOJIMYECTBO UX TOYEK MEPECCUCHMUS.



2.1. Kakoe HauOoblIee YUCIO TOYEK MEPECEUEHUsI MOT'YT UMETh
JIBE€ OKPY>KHOCTH?

VYyamuecst n300pakaroT B TETPAAU IBE OKPYKHOCTH U BBISICHSIOT,
YTO HaOOJIbIIIEE YHUCIO TOUEK MEPECEUCHHS PaBHO 2.

2.2. Kakoe HauOousbllee YUCIO TOYEK IMONAPHBIX IE€PECEUECHUMN
MOTYT UMETh TPU OKPY>KHOCTHU?

Pemenue ananoruuno npeasiaymemy. OTBert: 6.

2.3. Kakoe HauOousblliee YUCIO TOYEK IONAPHBIX IE€PECEUECHUMN
MOTYT UMETh YEThIPE OKPYKHOCTHU?

Pemenue ananornyno npeasiaymemy. Oteert: 12.

2.4. Kakoe HauOOJbIIEE YHUCIO TOYEK IOMAPHBIX IMEPECEUECHHI
MOTYT UMETh N OKpPYXHOCTEH? YKakute crnocod MOCTPOCHHS TaKUX
OKPY’KHOCTEM.

Pemenue. 3ametuM, 4TO HaAMOOJbIIEE YHMCIO TOYEK IMOMAPHBIX
MEPECCUCHHUI TMOITYYaeTCs, €ClM KaXKJash OKPYKHOCTh IEPECEKaeTCs C
KKJ0M, U IPH 3TOM HHUKAKHE€ TPU OKPYKHOCTU HE IEPECEKAOTCS B
OJIHOM TouKe. B 3TOM citydae kaxkaast OKpyKHOCTb uMeeT 2(N — 1) Touky
IIEPECEUCHUS C OCTAIBHBIMU OKPYKHOCTSAMH. UHCIO TOYEK MONAapHBIX
nepeceueHuii oyaer pasuo 2 +4 + 6 +...+ 2(n— 1) = n(n — 1). Herpyauo
J0Ka3aTh, 4TO I Joboro N > 1 cymecTtByer N HOMapHO
NIEPECEKAOIINXCS OKpY)KHOCTEH. Harpumep, Ha pUCyHKe 2 NpPUBEICHBI
ST MTOTIAPHO NEPECEKAOIINXCS OKPYKHOCTEM.

Puc. 2

BrisicHuM Tereph, Ha CKOJIBKO YacTel OKpPYKHOCTH pa3OMBAIOT
IJTIOCKOCTB.

2.5. Ha ckompko dacTtel pa3OMBAaOT  IJIOCKOCTh  JIBE
MEPECEKAIOIINECS OKPYKHOCTH?

VYyammecss u300pakalOT B TETpaaud JBE IEpPECEKaroIIrecs
OKPYXHOCTH M BBICHSIFOT, YTO YHMCJIO YAaCTEH IJIOCKOCTH PaBHO 4.

2.6. Ha ckoibko wyacTedl pa3OMBAIOT IUIOCKOCTb TPHU IOMAPHO
NIEPECEKAIOIINECS OKPYKHOCTH, HE MEPECEKAIOIINECS B OJJHOM TOUKE?

Pemenue ananornyno npeasiayemy. OTBeT: 8.

2.7. Ha ckonbko 4acTeil pa30MBalOT MIOCKOCTh YETHIPE MOMAPHO
MEPECEKAIOIINECS OKPY>KHOCTH, HHUKAKME TpPU U3 KOTOPBIX HE
MEPECEKAIOTCS B OJJHOM TOYKE?



Peuienne ananoruuno npeasiaymiemy. OTeer: 14.

2.8. Ha ckomnpko yacTeil pa3dOMBAIOT IUIOCKOCTH N TOMapHO
MEPECEKAIOIINXCA OKPY)KHOCTEW, HUKAaKhe TpU U3 KOTOPBIX HE
MEpPECEKAIOIINECS B OJTHON TOUKE?

Pemenue. BpisicHMM, Ha CKOJIBKO YBEIMYMBAETCA UYMCIO YacTeH
IUIOCKOCTU TpU JT00ABICHUM HOBOM OKPYXHOCTH K JIaHHBIM. OTO
YBEJIMUYEHHUE MPOUCXOIUT 32 CUET TOTO, YTO KAKHUE-TO YACTU IJIOCKOCTH
pa3OMBaIOTCS HOBOM OKPY)KHOCTBbIO Ha MEHBIIME YacTU. Tak, eciu
UMEJIOCh JIBE IMEPECEKaIoIINecs] OKPYXKHOCTH, TO TpHU JA00aBICHUU
TPEThEel OKPYKHOCTH BCE YETHIPE YACTHU IJIOCKOCTH pa30UBAIOTCS Ha JIBE
yacTh U oOIIee 4nciao oOpa3oBaHHBIX yacTei paBHo 8 = 4 + 4. Ilpu
N00aBIIEHUH YETBEPTOM OKPYKHOCTM IIECTh 4YacTed IUIOCKOCTU
pa30MBarOTCA Ha JBE YAaCTH U 00IIee YMCIO 00Pa30BAHHBIX YacTEl PaBHO
14 = 8 + 6. 3amerum, 4TO KOJIMYECTBO YaCTE€W IUIOCKOCTH, KOTOPBIE
pa30MBarOTCS HA JBE YAaCTH HOBOM OKPY>KHOCTBIO, PABHO KOJUYECTBY
Oyr HOBOW OKPYKHOCTHM, Ha KOTOpbI€ OHa pa30MBAaeTCs TOYKAMU
MEPECEUCHHS] C HMEIOIIUMUCS OKpyXHOcTaMH. Kaxnmas Takas myra
HOBOM OKpPY>KHOCTH pa30MBaeT COOTBETCTBYIOLIYIO YacTh IJIOCKOCTU Ha
nBe vacTh. IlockonmbKy N-s OKpYKHOCTH miepecekaerca ¢ N — 1
OKPYXHOCTBIO, TO OHa pa3buBaercs Ha 2(N — 1) Ayr ¥ MOATOMY YHCIIO
yacTell MI0CKOCTH yBeauuuBaeTcs Ha 2(N — 1). Takum oOpasom, obiiee
YHCJIO YacTeil, Ha KOTOpble N OKPYKHOCTEW pa30OMBAIOT IUIOCKOCTb,
paeHo 4 +4+6+...+2(n—-1)=2Q2+2+3+...+(n-1)=n(h-1) +
2.

3. MHOTroyroJibHUKH

[Ipy wu3ydyeHUM MHOTOYrOJIbHUKOB W HUX OOIIMX CBOMCTB
YYAIIUMCSI MOYKHO MPEJIOKUTh CIAEAYIOINEe KOMOMHATOPHBIE 3aJaUH.

3.1. CxonbKO quaroHaie UMeeT YeThIPEXYyTOJIbHUK?

HenocpencrBeHHoit  mpoBepkoi — yOekmaemcs, YTO  YHCIIO
JaroHajiel paBHO 2.

3.2. CKOJIBKO quaroHaiei MMeeT NATUYTOJIbHUK?

Pemenne ananornyso npenpiaynieMy. Yucno auaroHajied paBHO

3.3. CKOJBKO AuaroHaiei UMEeT IEeCTUYTOJIbHUK?
Peurenue ananornyno npenpiaymemy. Uncno auaroHaien paBHO

3.4. CKOJIBKO JuaroHajiei uMeeT N-yrojabHUK?

Pemenue. 3adukcupyem Kakyr-HUOYAb BEPIIMHY N-YroJIbHUKA.
YuuTeiBas, 4TO AUArOHAIBIO SIBJSIETCS OTPE30K, COCIUHSIONIUNA HE
COCEHUE BEPUIMHBI MHOTOYTOJIbHMKA, IMOJydaeM, YTO 4epe3 JAaHHYIO
BepIIMHY MpoxoauT N — 3 nuaroHanu. [lockonbKy 00111€e YHUCI0 BEpITUH



paBHO N, Yyepe3 KaXKIyr U3 HUX MNPOXOAUT N — 3 nuaroHanu, U Ipu

TaKOM MOJICUETE KaXK/1asl TUaroHajab CUMTACTCS ABAXK/bI, OJIy4aeM, YTO
. n(n-3)

oOl1ee Yucio fuaroHaied paBHo ———.

[IpuBenem emie HECKOJIBKO KOMOMHATOPHBIX  3ajad  Ha
MHOTOYTOJIbHUKH.

3.5. Moxer 1 MHOTOYroJdbHUK UMeTh: a) 10 auaronaseii; 6) 20
nuaronanei; B) 30 nuaroHasiei.

Pewenne. Ilo pe3ynbraTtam 3amaun 3.4 MIECTUYTOJIBHUK HUMEET 9
auaroHaneil, ceMuyroabHuk — 14; BochbmuyronbHuk —  20;
NEBSITUYTONBHUK — 27; NECATUYTOJIbHUK 35. SICHO, YTO MHOTOYTOJIbHUKH
Cc OOJBIIMM YHCJIOM CTOPOH HMEIOT OOJbIIee YHUCIO JAHaroHaieH.
[ToaTOMYy MHOTOYTOJIBHUK MOXET UMETh 20 AuaroHajseld U HE MOXKET
nmeTh 10 nmu 30 quaronanei.

3.6. CymecTByIOT 1M MHOTOYTOJBHHKHA, Yy KOTOPBIX YHCIIO
JAArOHAJIEW PaBHO YUCITY CTOPOH?

Pemenne. OauH U3 Takod MHOTOYTOJBHUK OBLT PACCMOTPEH B
3amadye 3.2. IlokakxeM, 4TO OH €AUHCTBEHEH. JleHCTBUTENBHO, €CIIU
YUCJIO JUaroHajel N-yrojibHWKa paBHO YHUCIY €ro CTOPOH, TO
n(n—-23)

BBIIIOJIHACTCA PABCHCTBO =N, U3 KOTOPOIrO0 HEIMOCPCACTBCHHO

cienyer, yto N = 5.

3.7. MoxerT i1 npsiMasi IEPeCEeKaTh BCE CTOPOHBI TPEYTOJIbHUKA?

Otser: Her.

1 noka3zarenbcTBa BOCIIOIb3yEMCI aKCUOMOM T€OMETPHUH O TOM,
YTO KakJas MpsiMas Ha IJIOCKOCTH pa30MBaeT 3Ty IJIOCKOCTh Ha JIBE
gacTd. [Ipy 3TOM eciau aBEe TOYKHM NPHHAIIEKAT Pa3HbIM YacTsAM, TO
OTPE30K, COCAUHSIOIINN 3TH TOUYKH, IepeceKkaercs ¢ npssmou. Eciu nse
TOYKM IPUHAICKAT OAHOM 4YaCTH, TO OTPE30K, COCAUHSAIOLIUN ITU
TOYKH, HE NIEPECEKAETCS C MPSMOM.

[Tycts mpsimast mepecekaet ctoponsl AB u AC tpeyronsuuka ABC.
Torga Touku A u B nexat no pasHble CTOPOHBI OT 3TOM NMpsAMoi. Touku
A u C taxxe nexar 1o pasubie cTopoHbl. [loatomy Touku B u C nexar
o0 OJIHy CTOPOHY W, cleloBareiabHO, oTpe3ok BC He mepecekaetcs ¢
JTOU MPSMOM.

3.8.  Moxer aum mnOpsMas  IepecekaTb  BCE  CTOPOHBI
YETBIPEXYTOJIbHUKA?

Otgert: Jla. IIpumep npuBeaeH Ha pUCYHKE 3.

3.9. MoxeTt 11 npsimasi IepecekaTh BCE CTOPOHBI MATUYTOJIbHUKA?

OtBet: Her. Ilycte ABCDE — mnsaTuyronbHUK M mpsMas a
nepecekaet ero croponsl AB, BC, CD u DE (puc. 4).
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Puc. 3 Pue. 4
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[lokaxxeM, 4ro mpsMas a He Imepecekaer cTopoHy AE.
HeiictBurensro, Toukd A u B, B u C, C u D, D u E nexar mo pa3Hsie
CTOpOHBI OT mpsiMor a. CrnexoBaTenbHO, Touku A u E mexar mo ogny
ctopony. [loatomy otpe3ok AE He mepecekaercs ¢ mpsimoii a.

3.10. MoxeT 11 npsiMasi mepeceKkaTh BCE CTOPOHBI 2N-yTrOJbHUKA?

Otsert: [la, npuMep NpUBEAEH HA PUCYHKE 2.

3.11. Moxer nu mpsMas Iepecekatb Bce CTOPOHBI (2n + 1)-
yTrOJbHUKA?

Jokxaxem Oosee oOlee yTBEpKIEHHUE O TOM, YTO MPsAMasi MOKET
repeceKaTh TOJIbKO YETHOE YHCIIO CTOPOH MHOTOYTOJLHUKA.

[Tyctb mnpsmas | mepecekaer CTOPOHBI  MHOTOYTOJIbHHUKA.
YcnoBUMCs Ha3bIBaTh OJIHY M3 IMOJIYIUIOCKOCTEH, Ha KOTOphIe mpsimas |
pa30MBaeT MJIOCKOCTh, — BEpPXHEW, a Jpyryro — HuwxHed. CoBeprimm
00X0J] JIOMaHOW, OTrpaHWYUBAIOLIEH ATOT MHOTOYTOJBHUK, BBIWIS W3
HEKOTOpPOHN €€ TOUKHM BEepXHEW MOJYIIOCKOCTH, U BEPHYBIIUCH B Ty K€
TOYKY (puc. 5).

/Avf\\}h\ \&/j//

Puc. 5 Puc. 6

Ecnu mo myTv HaM BCTPETUTCS TOYKA MepeceueHus ¢ mpsmoi |, To
MPOXOJs Yepe3 ATy TOUKY MbI NIEPEUIEM M3 BEPXHEHN IMOJYIIOCKOCTH B
HIWKHIOW. OJTHaKO B HMKHEW MOJYMIOCKOCTH Mbl HE MOYKEM OCTaThCs
70 KOHIIa 00X0/a, TOCKOJIbKY B KOHIIE 00XOJa MBI BO3BpaIiacMcs B
HayaJbHYIO0 TOYKY BEPXHEH NMOIyIockocTu. CienoBaTenbHO, IJ1e-TO MbI
BBIMJIEM W3 HWKHEM TMOJYIUIOCKOCTH B BEPXHIOK. BXOI B HMXHIOIO
MOJYIUIOCKOCTh M BBIXOJ M3 HEE B BEPXHIOK JAIOT Iapy TOYEK
nepeceyeHuss ¢ npsmoit |. Ecam npu ganbHeiIneM IBHXKCHHUH T10
JIOMaHOM MBI BCE BPEMSI OCTaeMCsl B BEpXHEU MOJIYIIJIOCKOCTH, TO 00IIIee
YHUCJIO TOYEK IMepecedeHus: Oyner paBHO IByM. Eciu B KakoH-TO TOUKe
MBI CHOBa TIEPEUJIEM U3 BEPXHEW MOJYIUIOCKOCTH B HWXKHIOK, TO

10



HaWJIeTCs ¥ NIapHas €l TOYKa, B KOTOPOM MBI U3 HUKHEH MTOITYIUIOCKOCTH
MepexoauM B BEpXHIOIO. TakuM 00pa3oM, YHMCIO TOYEK MEPECEUCHUS
npsiMoli | co ctopoHaMu MHOTOYTOJTbHUKA JOJKHO OBITH YSTHBIM.

3.12. IIpsaimast uMeeT ¢ MpoCcToi 3aMKHYTOM JioMaHou 2005 oOmux
Touek. Jlokazarh, 4YTO HAMAETCA MpsMast, UMEIOLIAS C 3TOM JIOMAHOM
0oJIbIIIeE YHCIIO OOIIUX TOUEK.

Pemrenue. B cuny npenpiayien 3amauu, npsamas JOJHKHA MPOUTH
Yyepe3 HeUYeTHOE YMCIIO BEPIIMH JOoMaHoW (puc. 6). HeMHoro casunem
ATy NPSIMYI0, KaK MMOKa3aHO Ha PUCYHKE. YHCIIO 00IUX TOYEK MPSMOH U
JIOMAHOM MTPU 3TOM YBEJIMYHTCS.

3.13. Kakoe HanbosbllIee YUCIO TOUYEK CaMONEPECEUECHUs MOKET
MMETH 3aMKHYTasl JIOMaHasi C MATbIO CTOPOHAMU?

Pemenne. Kaxmasg cTopoHa JOMaHOM MOXKET NEPECEKATHCS
TOJBKO C HE COCEAHUMH CTOPOHAMH. TakMX CTOPOH y MATUCTOPOHHEMN
JIOMAHOM JBE€. 3HAYUT, YHCIIO TOYEK CAMOIIEPECEUECHUS HE TTPEBOCXOINUT

5-2 . N .
725. HpI/IMCp 3dMKHYTOU IIATHCTOPOHHCHU JIOMAHOHM C IIATBIO

TOYKaMH caMOIlepeceyeHus 1aeT neHrarpamMmma (puc. 7).

Yo S e (O

Pue. 7 Puc. 8 Pue. 9

3.13. Kakoe HanbobIliee 4UCIO TOUYEK CaMOTIEPECEUEHUs MOMKET
UMETh 3aMKHyTas JiomaHas ¢ (2n + 1)-oit croponoi? IlpuBeaute
npuMepsl 11 N = 3, N =4,

Penrenue aHamoruyHo pemeHnto npeabIIyen 3a1aqu.

Oteer. (2n + 1)(n — 2). [Ipumepsl JIOMaHBIX NPUBEACHBI Ha
pUCYHKE 8.

3.14. Moxer nu o0Omel dYacTbio (IEpeceYeHueM) JBYX
TPEYrOJIbHUKOB OBbITh: a) TPEYroJbHUK; ©) YETbIPEXyTroJbHUK; B)
NSTUYTOJBHUK; T') HIECTUYTOIBHUK; ) CEMUYTOIBbHUK?

Otger. a), 6), B), I) Jla; 1) HeT.

3.15. Moxet ynu oO1ieit yacTeio (TIepeceueHrneM) TPEeyrojabHUuKa U
YeTBIPEXYTOJIbHUKA ObITh BOCBMUYTOJIbHUK?

Otger. /la.

3.16. Kakoe nHamOonplliee YMCIO TOYEK TOIMAPHBIX IMEpPeceUeHUM
MOTYT HWMETh CTOPOHBI JABYX BBINYKJIBIX: a) TPEYroJbHUKOB; ©O)
YETBIPEXYTOJIbHUKOB; B) MSTUYTOJIBHUKOB; ') N-yTOJIBHUKOB?

Otser. a) 6; 6) &; B) 10; T) 2n (cMm. puc. 9).
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3.17. Kakoe nHauOoibliiee YHCIO OCTPBHIX YIJIOB MOXKET HMETh
BBIITYKJIbIA MHOTOYTOJIbHUK?

Pemenue. Kaxgomy BHYTpEHHEMY OCTPOMY YIJy BBIITYKIOTO
MHOTOYTOJIbHUKA COOTBETCTBYET TYIOW BHEIIHUM Yros. IloCKOJIBKYy
CyMMa BHEIIIHUX YTJIOB BBINYKJIOrO MHOIOYrojbHHMKa paBHa 360°, TO
TYNBIX YTJIOB, & CIEJOBATENbHO, U OCTPHIX BHYTPEHHUX YTIJIOB, HE
MOKET OBITh OOJIBIIIE TPEX.

3.18. Jlokaxkute, 4TO B JJHOOOM BBIMYKJIOM 1 1-yronpHuKe HaWIyTCs
JIBE JMaroHaIu, yroj MeXa1y KOTOPbIMU HE MPEBOCXOIUT S°.

Pemenne. Cornacuo 3amaude 16 Boimykibiid 11-yronbauk nmeet 44
auaroHanu. IlpoBemem depe3 (PUKCHPOBAHHYIO TOYKY IUIOCKOCTH 44
MPSMBIX, NMAPAJUIENBHBIX 3TUM auaroHaiasaM. OHU pa3aesstor yroua B 360°
Ha 88 yacTeil, HaMMEHbIIast U3 KOTOPBIX HE peBocXoauT 360°/88<5°,

3.19. CKoabKUMHU pa3au4HbBIMU CHOCOOAMHU TPEYTOJbHUK MOXHO
BIIMCATh B: a) KBAAPaT; 0) NATUYTOJNBHUK; B) N-yroubHUK? (TpeyroibHUK
Ha3bIBAETCSI  BIMCAaHHBIM B MHOTOYTOJIBHUK, €CIM  BEPILUHBI
TPEYroJIbHUKA SIBJISIOTCS BEPIIMHAMUA MHOTOYTOJIBHUKA. )

Ortger. a) 4; 6) 10; B) n(n-3).

3.20. B mpaBWIBHOM IIATHUYTOJBHUKE IIPOBEAM BCE AUArOHAIM.
CKOJIbKO TPEYroJIbHUKOB IIPU 3TOM 00pa30BasioCh.

Ortser. 35.

4. 3agaum Ha pa3pe3aHue

3ajmaun HaA pa3pe3aHue TPAJUUMOHHO  HCIOJIB3YIOTCS  IpH
MPOBEJICHUN KPYXKKOB U (DaKyJIbTAaTUBHBIX 3aHATUM, BKIIOYAIOTCS B
KOHKYpChl U TypHUphl 1o Martematuke. Onu  dopMupytor
reOMETPUYECKUE MPEICTABICHUS yUalllUXCs O TUIOMIAIU U €€ CBOMCTBAX,
Pa3BUBAIOT MPAKTUUYECKUE HABBIKU, BOCIUTHIBAIOT MHTEPEC K OOYUCHUIO
T€OMETPUH.

31ech MBI IpeajiaraéM HECKOJIBKO 3a/1ay Ha pa3pe3aHue, MepBbIe U3
KOTOPBIX WILTIOCTPUPYIOT BBIBOA (OpMYI TUIOMIAAN TapalijiesiorpaMmma,
TPEYTrOJIbHUKA, TPAEIUU.

4.1. ITapamenorpamMm pa3pekbTe Ha JIBE YACTH, U3 KOTOPHIX MOKHO
CJIOKUTh OPSIMOYTOJIbHUK.

Pemenue nokazano Ha pucynke 10.

Pue. 10 Pue. 11
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4.2. TpeyrojibHUK pa3pexbTe Ha JBE YaCTH, U3 KOTOPHIX MOXHO
CJIOKUTh NapaJIeIOrpamMM.

Pemenue nokazano Ha pucyHke 11.

4.3. Tpameuuto pa3pekKbT€ Ha JIBE€ 4YacTH, U3 KOTOPBIX MOXKHO
CJIOXUTh TPEYTOJbHUK.

Pemenue nokazaHo Ha pucyHke 12.

Puc. 12 Pue. 13 Puc. 14

4.4. Tpaneuuto pa3pexbTe HA TPU YaCTH, U3 KOTOPBIX MOKHO
CIIOKHUTH TIPSMOYTOJIbHHK.

Pemenue nokazano Ha pucyHke 13.

4.5. JlaHHBIA TIPSIMOYTOJIBHUK pa3pekbTe Ha JIBE YACTH TaK, YTOOBI
U3 HUX MOKHO OBUIO CIIOKHTh: a) TPEYTOJIbHUK; 0) mapaijieiorpaMm; B)
TparneIuro.

Pemenue nokazano Ha pucyHke 14.

4.6. IlpaBUNBHBIN IIECTUYTOJBHUK Pa3peKbT€ HA JIBE YaCTH, U3
KOTOPBIX MOXHO COCTaBUTH MapajieJorpamMmm.

Pemenue nokazaHo Ha pucyHKe 15.

Pue. 15 Pue. 16 Pue. 17

Crnenyromue 3agauu 6oJiee CIOKHBIE.

4.7. Pa3pexxpre u300paXXe€HHYI0O Ha puUCyHKe 16 durypy,
COCTaBJICHHYIO U3 TPEX KBaJIpaTOB, HA YEThIPE PaBHbIC YACTH.

Pemenue. IlpeacraBum npanHyio ¢urypy, cocTaBieHHONW u3 12
kBaapaTukoB. Kaxaas u3 Tpex MCKOMBIX YacTel JOJDKHA COCTOSITh U3
TpeX TakuX KBaJpaTHUKOB. COOTBETCTBYIOIIME pa3pe3bl MOKa3aHbl Ha
pucyske 17.

4.8. I'peueckuii kpect (puc. 18) pa3pexbTe Ha HECKOIBKO YacTei
COCTaBbTE U3 HUX KBaJparT.
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Pemenne. 3ameTniM, 4TO €CIM CTOPOHBI KBAJApaTOB, M3 KOTOPBIX
COCTaBJIEH I'PEYECKUI KpPECT, paBHbI 1, TO CTOPOHA MCKOMOrO KBajapaTa

paBHa J5. TpebOyemoe paspe3anue mokazano Ha pucyHke 19.

R

Puc. 18 Puc. 19 Puc. 20

4.9. I'peueckuil KpecT pa3pekbTe IBYMs pa3pe3aMU U COCTABHTE U3
MOJIyYeHHBIX YacTel KBaJpar.

Pemenue nokazano Ha pucyske 20.

4.10. HlecTtuyronbHUK, U300pa’KEHHBIN Ha pucyHKe 21, pa3pexbre
Ha JIBE YaCTH, U3 KOTOPBHIX MOXKHO CJIOKUThH KBaApaT.

b 1 o 1
- --I
] I
2,5 ;2 2,6 :2
2: 2.5 2: 2.6
i i
1 5 1 5
Puec. 21 Puec. 22

Pemienue. 3ameTrm, 4TO MIOMIAlb TAHHOTO IIECTUYTOJIbHUKA PaBHA
25 wu, cieagoBaTeIbHO, CTOPOHA KBaJpara JOJDKHA paBHAThCA 3.
TpeOyemoe pazpe3anue mokazaHo Ha pUCYHKE 22.

4.11. Hcnonp3yss pa3pe3aHusi, JOKOKUTE, 4YTO  IUIOLIA]b
MPaBUJIBHOTO BOCHBbMUYTOJBHUKA PaBHA MPOU3BEACHUIO €0 HanOOJIbIIICH
U HauMeEHbIlIeH JuaroHajicH.

Pemenune. Paspe3anneM npaBUIIBHOTO BOCBMHUYTOJIBHUKA MOYKHO
MOJIYYUTh  MPSIMOYTOJIBHUK,  CTOPOHAMU  KOTOPOTO  SIBJISIFOTCS
HauOoJblas U HauMeHbas auaroHanu (puc. 23). Iloatomy miomanb
MIPaBUJIBHOTO BOCHBMUYTOJBHUKA paBHA MPOU3BEACHUIO €0 HanOOJIbIIICH
Y HAUMEHbLIEH THaroHayen.

4.12. Cropousl AB m CD mapamnenorpamma ABCD mmomamu 1
pa3omTel Ha N paBHBIX YacTei, AD u BC - Ha M paBHBIX yacTeil. Touku
JICTICHHS] COeTMHEHBI TaK, KaK MOKa3aHo Ha pucyHke 24, rae N = 3, m = 4,
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Yemy paBHBI IUIOMAId OOpPA30BaBIIMXCS TIPH OSTOM MAaJICHBKUX
napasiesiorpaMmMoB?

B C B c
Wk
A D 4 D
Pue. 23 Puc. 24 Pue. 25

Pemenue. Pa3pesanumem, mapamtenorpamm  ABCD  MoxHO
npeBpaTtuTh B GUTYpY, COCTOSIIIyl0 M3 N-M + 1 MaJeHbKHX
napasienorpaMmMoB (puc. 25). CregoBaTenbHO, IJIOMIAAM MaJE€HBKUX
napajuiesIorpaMMoB paBHbI 1/(n-m + 1).

4.13. JlokaxxuTe, YTO HHUKAKOW BBIMYKJIBIA 13-yroabHUK HENb3A
pa3pe3aTh Ha NapajijiesiorpaMMBbl.

Jloka3aTenbcTBO. 3aMETUM, YTO €CJIM BBITYKJIBIH MHOTOYTOJIbHUK
paspe3aH Ha IapajulelorpamMMbl, TO Yy KaXIOW €ro CTOPOHBI €CTh
IPOTUBOIIOJIOKHAs MapajlyiesibHas el cropoHa. Takum oOpazom, 4UCIIO
CTOPOH MHOTOYT'OJIbHUKA JOKHO ObITh YETHBIM.

4.14. Joxaxure, 4YTO BCAKAWA  BBINYKJIBIM  LEHTPAIbHO-
CUMMETPUIHBIN MHOTOYTOJIbHUK MOKHO paspe3atb Ha
napajieorpaMmabl.

JlokazaTenbcTBO. 3amMeTHM, 4YTO Y BBIIYKJIONO LIEHTPaIbHO-
CUMMETPUYHOIO  MHOTOYrOJIbHMKAa  4YETHOE  YHUCIO0  CTOPOH H
MIPOTUBOTOJIOKHBIE CTOPOHBI paBHBI W MapaienbHbl. Ha pucynke 26
MOKa3aHo, Kak, 0Tpe3as MmapajuielorpaMmbl OT TAKOTO MHOTOYTOJIbHUKA,
MOXHO TIOJYYUTh BBIMYKJIBII MHOTOYTOJBHHK C MEHBIIUM YHCIOM
CTOPOH, Y KOTOpPOrO ITPOTHUBOIIOJIOKHBIE CTOPOHBI TAKXE PABHBI H

napaienbHbl. [Ipogoiskas 3TOT mpolecc 0Tpe3aHus MapauieiorpaMmMoB,
MBI, B KOHIIE KOHIIOB, pa3pEXEM BECh MHOTOYTOJIbHUK.

C
G H

E DF
Puc. 26 Puc. 27

14.15. Yepe3 TOUKYy Ha CTOpPOHE TpPEYroJIbHUKA MPOBEIUTE [IBE
MpsIMbIE, JETSAUIME 3TOT TPEYTOJIBHUK HA TPU PABHOBEIMKUE YaCTH.

Pemenue. Ilycte ABC — nmaHHBIM TpeyroJbHHK, Touka D
npuHaanexuT cropone AB (puc. 27). Paznenum ctopony AB nHa Tpum
paBHble yacTu Toukamu E u F. [Tycts, Hanpumep, Touka D nexut mexay
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E u F. IIpoBenem npsimeie EG u FH mapannensasie CD Ilpsimeie DG u
DH OyayT uckoMbpiMH OpAMBIMH, AensmmMu TpeyroibHuk ABC Ha Tpu
paBHOBeNMKHE dYacTh. JleWcTBUTENBHO, MIIOMAAs TpeyroidpHuka EGD
paBHa 1iomaau TpeyronbHuka EGC wu crnemoBaTenbHO, IIIOIIATH
tpeyroabHuka ADG paBHa miomanu tpeyroiasHuka AEC, kortopas, B
CBOIO O4Yepelb paBHA OJHOM TpeTbel mmiomanu TpeyroibHuka ABC.
AHanoruyHeiM 00pa30oM TMOKAa3bIBAECTCS, YTO IUIONIAJb TPEYroJbHUKA
BFC paBHa ogHo#t TpeThelt momiaau Tpeyrojibarka ABC.

5. I'pa¢ml
bonpmioe uynciio KOMOMHATOPHBIX 3aJad CBA3aHO C rpadamu.
HamomuumMm, yto rpadom HazbiBaeTca Qurypa oOpa3oBaHHass KOHEYHBIM
Ha0OpOM TOYEK IIOCKOCTH M OTPE3KOB, COCAUHSIOIIMX HEKOTOPHIE U3
TuX Touek (puc. 28, a). Touku Ha3BIBAIOTCSA GEPUIUHAMU, & OTPE3KU —
pebpamu rpada.

a) 6)
Pue. 28

BmecTo oTpe3koB B kauecTBe pedep rpadoB paccMaTpUBAIOTCS
TaK)Ke KpUBBIC JIMHUU Ha TIOCKOCTH (puc. 28, 0).

[Tpumepamu TpaoB MOTYT CIYKHTh CXEMBI METPOTOJUTEHA,
YKEJIC3HBIX U MIOCCEMHBIX IOPOT, TUIAHbI BHICTABOK U T.JI.

Hcropuueck CIOXUIOCH TAaK, YTO TeOopusl TpadoB 3apoauiach B
XO/JI€ PELICHHs TOJIOBOJIOMOK JIBECTHU C JIMIIHUM JIET Ha3a/l.

OmHoWi W3 TakuxX 3a4a4d-TOJIOBOJIOMOK ObLIa  3ajaya o
KEHUTCOEPrcKUX MOCTaX, KOTOpas TpHUBJIEKIa K ce0e BHUMaHUE
Jleonapna Diinepa (1707-1783), nonaroe Bpems *KUBIIETO U pabOTaBIIETO
B Poccuu (c 1727 no 1741 rog u ¢ 1766 10 KOHIIA )KU3HNU).

3apnaua. B r. KéuurcOepre (wpiHe Kammuunrpan) Obulo cemb
MocToB uepes peky Ilperens (puc. 29, rae JI — neBrorit 6eper, 1 — mpaBsrii
Oeper, A u b — octpoBa). 3agava 3aKir0o4agach B CICAYIONMIEM: MOXKHO
7Y, TIPOTYJIMBASICh TIO TOPOTY, MMPOUTH Yepe3 KaxAblii MOCT POBHO OJIUH
paz?

OTa 3aja4ya CBsA3aHa C JAPYTUMH TOJIOBOJIOMKAMH, CYyTh KOTOPBIX
3aKII0YaIach B TOM, YTOOBI OOBECTH KOHTYp HEKOTOpOl (purypsl, He
OTpbIBas KapaHjalia oT Oymaru U He 0OBOJSI HU OJTHOM JIMHUM KOHTYpa
JNBX]bI, T.C. «HApPUCOBATh OJHUM pPOCUEpPKOM». Takue KOHTYpHI
00pa3yIoT Tak Ha3bIBAEMbIE YHUKYPCAbHbBLE 2PAbl.
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Puc. Puc. 30

3amaue o k&HurcoOeprckux Moctax JI. Diep MOCBATHI 1Ie0e
uccienoBanue, kKotopoe B 1736 roay OBUIO TMPEACTABICHO B
[TerepOyprckyro AkaneMuro HayK.

Ha pucynke 30 u3o0paxkeH rpad, COOTBETCTBYIOIIMM 3agadye O
KEHUrcOeprckux Mocrtax. TpeOyeTcst 10Ka3aThk, UTO 3TOT rpad sBIsSETCA
YHUKYPCAJIbHBIM.

J1J1s1 3TOro pacCMOTPUM MOHSATUE UHOEKCA 6EPULILLHBL — YUCTIO pedep
rpada, cXOoAsIMXCsA B TaHHOM BEPIIMHE, U JIOKaXKEM, YTO UMEET MECTO
cleyIolas Teopema.

Teopema. Jlsiss yHUKypcanbHOro rpada 4uciio BEpPIIMH HEUYETHOTO
UHJEKCA PAaBHO HYJIIO UJIU JABYM.

Jloka3aTeabCcTBO. [[eHiCTBUTENBHO, €CIU rpad) YHUKYpPCAJIEH U €ro
HAa4yaJl0 HE COBIIAJAET C KOHLOM, TO HA4YajJO0 M KOHEL SBISIOTCS
€AVUHCTBEHHBIMM  BEpPIIMHAMU  HEYETHOro MHAEKca. OcTalbHbIE
BEPILIMHBI UMEIOT YETHBIA UHAEKC, TAK KaK B KAy TOYKY Mbl BXOJIUM
U BBIXOAMM M3 Hee. Eciam Havamo coBMagaer ¢ KOHLOM, TO BEPIIMH C
HEYETHBIM MHJEKCOM HET.

[Ipuctynum Tenepp K pemieHuo 3agayu. Omnpenenum 4eTHOCTh
BepinH rpada Ha pucynke 30. Bepmna A umeer unnekc 5, b — 3, IT —
3 u JI — 3. Takum oOpa3oM, Mbl UMEEM YEThIPE BEPUIMHBI HEYETHOIO
WHJEKCAa, M, CIEJOBaTeNbHO, JaHHbIM Tpad He  sBIseTCA
YHUKypcaslbHbIM. OTCIOJIa TOJIydaeM, 4YTO BO BpeMsl MPOTYJIKU IO
ropojy HeNb3s MPOUTH MO KaKJOMY U3 CEMH MOCTOB TOJIBKO OJMH pa3.

VYyammmcss MOKHO NPEJIOKAT CIEAYOIINE 3a1a4H.

5.1.  Hapucyiite rpadbl, y KOTOPbIX HMEIOTCS BEPIIUHBI
nHaeKkcoB 1, 2, 3 u 4.

5.2. Hapucyiite rpad, B KOTOpOM KaK/as BEPIINHA UMEET UHICKC,
PaBHBIN: a) IByM; 0) TpeM; B) YETHIPEM.

5.3. B rpade 10 BepmuH, Kaxkaas u3 KOTOPBIX HUMEET WHIACKC 3.
Ckonbko y Hero pedep? Hapucyiite Takoi rpad.

Ortger. 15.

5.4. B rpade 5 BepuiuH, Kaxaas U3 KOTOPBIX MUMEET HHIEKC 4.
Ckonbko y Hero pedep? Hapucyiite Takoii rpad.

Ortger. 10.

5.5. Ompenenurte, kakue rpadbl, H300pakeHHble Ha pucyHke 31,
ABJISIFOTCS. YHUKYPCAJIbHBIMU ?
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A
(0O X
) 3) )

Puec. 31

€)

OtBeT. a), 0), 1), 1), 3).
5.6. Hapucyiite omHUM pOCYEPKOM (PUTYpBI, H300paKCHHBIC Ha

pucynke 32.

Pue. 32

5.7. Moxetr nu rpad HMETh TOJBKO OAHY BEPIIMHY HEYETHOTO
nHAeKca?

Otser. Her.

5.8. Jlokaxute, 4uTo B JIIOOOM rpade cymMMa HHIEKCOB BCEX €0
BEpILIMH — YHUCJIO YETHOE, PaBHOE YABOECHHOMY 4YHUCIy pedep rpada.
BriBeguTe M3 3TOro, YTO YKMCIO BEPUIMH C HEUYETHBIMU HHJIEKCAMHU
YETHO.

5.9. Hoxaxute, 4To BO BCSKOM Tpade, peOpamMu KOTOPOTO
SBJISIFOTCSL OTPE3KHU, HAWIYTCs, II0 KpaWHEW Mepe, ABE BEPIIUHBI
OJIMHAKOBOT'O UHJAEKCA.

5.10. Kakoe HauMeHbllleE YUCIO MOCTOB B 3ajadye o
KEHUTCOEPTCKUX MOCTaX MPUIETCS MPOUTH ABAXKBI, YTOOBI TPOUTHU TIO
KaXJ0My MOCTY?

OtBeT. OnuH.

5.11. JlokaxkuTe, 4TO €CJiM B 3a7adye O KEHUTCOEPrCKUX MOCTax
yopath uiau J00aBUTH OAWH MOCT B JItoOoM Mecte peku Ilperens, To
MOJIy4eHHBIN rpad OyAeT YHUKYPCATbHBIM.



5.12. Kakoe HauMeHblllee 4YHUCIO pebdep TMpuaercs oOBeCTH
JIBaXIbl, 4TOOBI HApUCOBaTh, HE OTpHIBas KapaHjamia OT Oymarw,
rpadsbl, n300pakeHHbIe HA pUcyHKe 337

a) 6) B) r)
Puc. 33

OtBer. a) 3;6) 0; B) 9; 1) 5.

5.13. CmoxeT U SKCKYpCOBOJ IPOBECTH TIOCETUTENCH IO
BBICTaBKe, TUIAH KOTOpPOHM MPUBENIEH Ha PUCYHKE 34, Tak, 4TOObl OHU
MOOBIBAJIM B KXKJIOM 3aJI€ TOJIBKO OJIUH pa3?
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Puc. 356 Puc. 33

Bepmuaer rpada — 3T0 BXOJI, BBIXOJ, ABEPH, COCITUHSIONINE 3aJIbl,
MePEKPECTKU, a pedpa — 3aibl U KOpUAOphL. [ 1€ Ha BhICTaBKE ClieI0BAJIO
OBl cAenaTh BXOJ M BBIXOJI, YTOOBI MOKHO OBLIO MPOBECTH AKCKYPCHIO
0 BCEM 3ajiaM, TOOBIBAB B KaJ/IOM M3 HUX B TOUHOCTH OJIUH pa3?

5.14. Ha puc. 35 n3o0pakeH 1uiad moa3eMelibsi, B OJJHON U3 KOMHAT
KOTOPOTO CKPBITHI 0OTAaTCTBA PhITIaps.

[locne ero cMmepTd HACIETHUKH HAIUIM 3aBEIIaHUE, B KOTOPOM
OBLJIO CKa3aHO, YTO JJISi OTHICKAHHUS COKPOBWII JTOCTATOYHO BOWTH B
OJHY W3 KpAallHUX KOMHAT IIOA3E€MEIIbs, IPOWTU YEpe3 BCE IBEPH,
MpUYeM B TOYHOCTH IO OJHOMY pazy uepe3 Kaxayr. COKpOBHIIA
CKPBITHI 32 TOM JBEPHIO, KOTOpas OyleT nmpoiaeHa nociueaneil. B kakoi
KOMHATE OBLITN CKPBITHI COKPOBHIIA?

6. Teopema Jiisiepa 1JI1 MHOTOYT0JIbHUKOB

Eme omHoi 3amaueii-roJoBOJIOMKOM, CBSI3aHHOW ¢ Tpadamu U C
MMEHeM Diliiepa, BJISIETCS 3a/1a4a O TPEX IOMUKAX U TPEX KOJOAIaX.
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3amava. Tpu cocema UMEIOT TpU OOHMMX Koyiofua. MoKHO u
MIPOBECTU HETMEPECEKAIOUIUECS JOPOKKH OT KaXJOTrO J0Ma K KaKIOMY
Kooy (puc. 36)?

Puc. 36

JIns pemeHnst 3ToM 3a1a4v BOCIIOIB3yEMCsI TEOPEMOM, JOKa3aHHOU
Jleonapaom DunepoM B 1752 rony.

Teopema. Eciu MHOroyroiabHuUK pa3OMT Ha KOHEYHOE YHUCIO
MHOTOYTOJBHUKOB TaK, YTO JIOOBIC JIBA MHOTOYTOJIbHHKA pa3OuEHUs
WM HE UMCIOT OOIIUX TOYEK, WIIM MMCIOT OOIIHME BEPIIUHBI, HJIH UMCIOT
obmmue pedpa, TO UMEET MECTO PaBEHCTBO

B-P+I'=1, (¥
raie B - obmee ymcno BepmmH, P - obmee yuciao pedep, I' - umcio
MHOTOYTOJILHUKOB (TpaHeii).

Joka3aTeabcTBO. [lokaxem, 4TOo paBeHCTBO (*) HE HM3MEHHUTCH,
€CJIi B KaKOM-HHOYJIb MHOTOYTOJIPHHKE JTAHHOTO Pa30MECHHS MPOBECTH
nuaroHans (puc. 37, a).

JIeCTBUTENBHO, TOCJHE NPOBEICHUS TAaKOM JHAroHajdd B HOBOM
pazouenun Oyner B BepmmH, P+1  pebep W KOIUYECTBO

MHOFOYTOJIBHI/IKOB YBeJII/I‘-II/ITCH Ha eI[I/IHI/II_[y. CJ'IeI[OBaTeJ'IBHO, nMEEM
B-(P+1)+(I+1)=B—P+T.
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[Tonb3ysiCh 3TUM CBOICTBOM, MPOBEJIEM JUArOHAIH, pa30oUBarOLIUe
BXOJSIIIUE€ MHOTOYTOJIbHUKM Ha TPEYTrOJbHUKH, W JUJIs TOIYYEHHOTO
pa3OueHus MOKaXKeM BBITTOJTHUMOCTbL cooTHOIIeHus (*) (puc. 37, 6).

Jnisa storo Oynem mocieAoBaTeabHO YOHpaTh BHEUIHHE pedpa,
yMEHbIIas KOJIUYECTBO TPEYroJbHUKOB. [lpu 3TOM BO3MOXKHBI JBa
ciryyJasi:

a) s ynanenus tpeyroiabauka ABC tpelyeTcst cHATB Ba pebpa, B
HameM ciydae AB u BC;

0) s ynamenus tpeyrojbHuka MKN TpeOyercs CHITh OJIHO
pebpo, B Hatmiem cirydae MN.

B o6oux cmydasx paBeHcTBO (*) He m3MmeHutcs. Hampumep, B
MIEPBOM CIIy4ae Mociie yJIajJeHusi TPEYroyibHUKa rpad OyaeT coCTOsITh U3
B-1 Bepmun, P-2 pebep u I'-1 MHOTOyrONIBHUKA:

B-1)-(P+2)+ (T -1)=B-P+T.

CamMOCTOSTENBHO PACCMOTPUTE BTOPOM CITyYaku.

Takum oOpa3oM, yAaJleHHE€ OJHOTO TPEYrOJIbHUKA HE MEHSET
paBeHcTBa (*). IIpogomxast 3TOT mpouecc yAaJleHHUs] TPEYroJbHUKOB, B
KOHIIE KOHIIOB MBI NPUAEM K pa3OMEHUIO, COCTOSIIEMY M3 OJIHOTO
TpeyroibHuka. Jlnga takoro pazouenus B = 3, P = 3, ' = 1 u,
cienoBarensHo, B - P+ I'= 1. 3nauur, paBeHcTBO (*) ©MeeT MeCTO U JJIst
UCXOJHOTO pa30ueHus, OTKyJa OKOHYATENIbHO TMOJy4YaeM, 4YTO s
JTAHHOTO pa30MeHMs] MHOTOYT'OJIbHUKA CIIPABEJIUBO COOTHOIICHHE ().

3amMeTM, YTO COOTHOIICHHE OJiijiepa HE 3aBUCHUT OT (HOPMBI
MHOTOYTOJIbHUKOB. ~ MHOTOYTOJBHUKH  MOXKHO  J1€(pOpMHUPOBATH,
yYBEJIMYMBaTh, YMEHbIIIATh UIW 1K€ UCKPUBIISATH UX CTOPOHBI, JTUIIL ObI
IPX OTOM HE IPOUCXOIAUIIO Pa3pbhiBOB CTOpOH. CooTHomEHUE Dunepa
MIPU ATOM HE U3MEHUTCS.

[Ipuctynum Temeph K PEIICHUIO 3aJadyd O TpeX AOMHKAX U TPex
KOJIOJILIaX.

Pemenue. Ilpeamonoxxum, 4To 3TO MOXHO chaenatb. OTMETUM
nomuku Toukamu [y, o, Ha, a komoaus! - Toukamu Ky, Ky, K3 (puc. 36).
Kaxayro TOYKy-IOMHMK COECIMHUM C KaXIAOM TOYKOM-KOJIOJALIEM.
[Tomyunm neBsTh pedep, KOTOpbIE MOMAPHO HE MEPECEKAIOTCS.

Ot pebpa o0pa3yroT Ha TNIOCKOCTH MHOTOYTOJBHUK, pa3AeICHHbIN
Ha 0oJyiee MeEJNKHE MHOTOYroiabHUKH. [lodToMy nisi sToro pa3zOueHus
JIOJKHO BBITIOJTHATBCS cooTHOMIeHue Diiepa B - P + I'= 1. JIo6aBum k
paccMaTpUBaEMbIM TPaHSAM €IE OJIHY - BHEIIHIOI YacTh IJIOCKOCTHU MO
OTHOLLIEHUIO K MHOTOYTOJIbHUKY. TOrna COOTHOLIEHWE Diiepa MpUMET
Bug B - P+ 1 =2, npuuem B = 6 u P = 9. Cnenosarensuo, I' = 5.
Kaxnas w3 maru rpaHedl MMeeT IO KpailHel Mepe ueTwipe pebpa,
MOCKOJIbKY, TIO YCIIOBHIO 3aJlayd, HU OJHA M3 JIOPOKEK HE JOJIKHA
HEMOCPEJCTBEHHO COEIUHATH JBa JOoMa WM JiBa Kojojua. Tak Kak
KaXJ0e pedpo JIEKUT POBHO B JABYX TpaHSAX, TO KOJMYECTBO pedep
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JOJHKHO OBITH HE MeHbIe (5-4)/2 = 10, 4TO MPOTUBOPEUUT YCIOBHUIO, 110
KOTOpOMY UX 4HCIlIO paBHO 9. [lomyyeHHOE MPOTHBOpEUHNE MOKA3bIBAET,
4TO OTBET B  3aJadye OTPULIATEJICH -  HEJIb3d  IPOBECTU
HEIEPECEKAIOIIMECS TOPOKKH OT KaXKIOT0 TOMHUKA K KaXKIOMY KOJIOJIILY.

VYyammmcsi MOKHO TIPEJITIOKUTD CIAEAYIOIINE 3a1a4u.

6.1. Ykaxure Kakoe-HUOYIb pazOueHue BBITYKJIOTO
YETHIPEXYTOJIbHUKA Ha BBITYKJIBIC YETHIPEXYTOJIbHUKH.

6.2.  Jlokaxutre, 4YTO )i  TPOU3BOJBHOIO  pa3OHEHHUS
YEeTHIPEXYTOJIbHUKA HAa YEThIPEXYTOJIbHUKU BBITIOJIHAETCS paBEeHCTBO B —
I'=3.

6.3. YkaxuTte Kakoe-HUOyp pa30MeHNe BBITYKIIOTO MATHYTOJbHUKA
Ha BBIMYKJIbIC SATUYTOJBHUKH.

6.4. VYkaxutre Kakoe-HHUOyAb pa3OMEHHE TpEeyrojibHUKa Ha
CEMHUYTOJbHUKH.

6.5. JIBa cocema UMEIOT: a) TPU OOIIUX KOJIOAIA; 0) YeThIpe 00IuX
Kojoaua. MOXKHO JIM TPOBECTH HENEPECEKAIOUIUecs JOPOXKKH OT
KQXJIOTO JOMa K KaXJI0My KOJOIIy?

6.6. Tpu cocena UMeErOT: a) JBa OOLIUX KOJO/IA; 0) YeThipe o0IuX
KoioAua. MOXHO JM TPOBECTH HENEPECEKAIOLIUECs JOPOXKKH OT
KaX/10r0 JIOMa K KaKJJOMY KOJIOALLY?

6.7. BHyTpu N - yroJbHUKa B34Thl M TOYEK. DTH TOYKU U BEPIIMHBI
MHOTOYTOJIbHMUKA COEAMHEHbl OTpe3KaMU TaK, YTO HCXOIHBIN
MHOTOYTOJIbHUK pa30MBaeTCcsi Ha TPEYrojbHUKU. JlOKaKuTe, 4TO NpHU
3TOM YHCIIO TPEYTOJILHUKOB PaBHO N + 2m - 2.

6.8. MHOroyrojibHuK  pa3ouT Ha KOHEYHOE YUCIIO
MHOTOYTOJJbHUKOB TakK, YTO B Ka)JIOW BEPIIMHE CXOAWUTCSA TpH pedpa.
CKONbKO TIpH 3TOM HMEETCS BEpIIMH W TpaHed, eciu 4Yucio pedep
paBHo: a) 6; 06) 12; B) 15? Hapucyiite Takue pazoueHus.

6.9. Jlokaxute, 4to s J000T0 pa3OueHus N-yrojbHUKa Ha M-
YTOJIbHUKH BBITIOJIHSIETCS paBeHCTBO 2B + (2 —m)['=n + 2.

6.10. B  MHOroyroibHHMKE BBIpE3aid  JBIPKY B  (dopme
MHOTOYrojbHuKa. OCTaBIIyIOCS 4YacTh pPa30OMIM Ha MHOTOYTOJIBHUKH.
Yemy paBao B — P + I 1151 aToro pazouenus.

7. PackpalmiuBaHue KapTt

3agaya pacKpalimBaHusg KapT UMEET NouTH 150-JeTHIOK UCTOPHIO.
Omna 3akiro4yaeTcsi B TOM, 4TOObI PACKPaCUTh JAHHYIO TeorpapuyecKyro
KapTy TakK, 4yToObl MOTPaHUYHbBIE CTPAaHbl ObUIM OKpALIEHbl B Pa3HbIC
1BeTa (HEMOrpaHUYHbIE CTPaHbl MOXKHO OKpaIlMBaTh OAHUM LIBETOM),
UCII0JIb30BaB MIPU 3TOM HAaMMEHbIIIEE YUCIIO KPACOK.

Ha pucynke 38, a u3zoOpaxkeHa kapTa, JUIsi PacKpackuh KOTOpOH
Tpebyercss Tpu uBera. Ha pucynke 38, 0 wuzoOpakeHa kapra, is
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pacKpackd KOTOPOM TpeX LBETOB HEAOCTATOYHO U TPEOYeTCs YeThIpe
I[BETA.

a) Puc. 38 ©)

B 1850 romy motnanackuii ¢usuk Ppenepux ['yrpu oOpartun
BHHMAaHHE Ha TO, YTO 33/1a4d PACKPAIIMBAHMS KapT OYEHb MOIYJISPHBI
cCpeau CTyAeHTOB-MaTeMaTukoB B JIoHmoHe, a cdopMyaupoBan
npobsieMy 4eTbIpex Kpacok ero Opar @PposHcuc [yTpu, KoTOpBI,
packpacuB Kapty rpadcTB AHIIIMM YETHIPbMS I[BETAMH, BBIJBUHYI
TMIIOTE3y O TOM, YTO 3TOr0 KOJIMYECTBA I[IBETOB JOCTATOYHO IS
packpacku Jt000i kapThl. OH IpHUBJIEK K MpoOJieMe BHUMAHUE CBOETrO
npenoaasarenss Marematuku A.Jle Moprana, a ToT cooOupu o Hei
ceoeMy apyry B. l'amunbTOHy M TeM caMbIM CIOCOOCTBOBAN €€
HIMPOKOMY PACIPOCTPAHEHHUIO.

OnHako rofoM POXKICHUS MPOOJEMbl YEThIPEX KPACOK CUUTACTCS
1878 rox (B HEKOTOpBIX M3AaHUAX yKasbiBaeTcsi 1879). MMenHo Torma
Ha OJHOM U3 3acefaHuid bpurtanckoro reorpaduueckoro ooOIiiecTa
BBIJIAIONIMICS aHTTUHCKUN MatemaTuk A.Ksiau yeTko cpopmyaupoBai
MOCTaBJICHHYIO 3a1auy: "Jlokazarh, 4To 00y reorpaduyeckyto KapTy
Ha TUIOCKOCTH (WM Ha T1J00yce) MOXHO TMpPaBWIBHO 3aKpacUTh
YeThIpbMs KpackaMu'. Packpacka KapTbl Ha3bIBACTCSl IPABUIIBHOM, €CITU
M00bIe IBE CTPaHbl, UMEIOIINE Ha KapTe OOIyI0 IPaHUIly, OKpAIEHbI B
pasnuuHble 1BeTa. VIMEHHO ¢ 3TOro MOMeHTa mpobjieMa MpHBIIEKIA K
ceOe BHUMaHUE MHOTUX KPYIHBIX MAaTEMaTHKOB.

B 1890 roay aunrnumiickuii matematuk I1.XuByn mokaszain, 4To
M00YI0 KapTy Ha IJIOCKOCTH MOYXHO PAacCKpacHUTh B MATh UBETOB. OJTHAKO
JI0JITO€ BpeMs Mpo0JieMa YeThIpeX KPacoK HE MOJaBajiach peueHuto. B
1968 rony amepukanckue marematuku Ope m CrTeMIiul mokazajiud, 4To
mo0yr0 KapTy, UMEIIyro He Oosiee 40 cTpaH, MOXXHO PacKpacUTh B
YeThIpe I[BETA.

B Hacrosiiee Bpemst JUisl peuieHusl 3TOM NpoOsieMbl CYIIECTBEHHO
HCIIOJIB3YIOTCS KOMIIBIOTEPHI, YTO CBSI3aHO C BBINOJHEHWEM OTPOMHOIO
KoJu4ecTBa BhluMciaeHUd. B 1976 roay aMepuKaHCKHMH Y4YE€HBIMHU
K.Anmnenem u B.XakeHoM ObLIO MOJIy4€HO NEPBOE MALTUHHOE PEIICHUE.
C nomolbi0 MallMHBI OHU OPOCMATPHUBAIM PA3JIMYHBIE THUIIBI KapT, U
JUISL KaXKIOTO M3 HUX MalllMHA pellaja, MOXET JIM B JIaHHOM THUIIE
HaWTUCh KapTa, KOTOpas HE PaCKpaIIMBAETCs B YETHIPE LBETA. Y YEHBIMH
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6bu10 IpocMoTpeHo moutu 2000 THUMOB KapT, U JJIsl BCEX OBLI MOTy4YeH
orBer: "Her", - 4TO M MO3BOJMIO OOBSABUTH O MAIIMHHOM PEIICHUU
po0JIeMbl YETHIPEX KPACOK.

VYyammmcs: MOKHO NPEJIOKUATh CIAEAYIOIINE 3a1a4u.

7.1. PackpacbTe KapTbl, n300paxkeHHble Ha pucyHke 39. Kakoe
MUHUMAJIBHOE YHCIO Kpacok s 3Toro mnorpedyercs? (mpu
pacKpallluBaHUU KapTbl TpeOyeTcsi, YyTOObl COCEIHUE CTpaHbl HUMENIU
pa3HbIC 1IBETA).

a) Puc. 39 ©)
Ortger. a) 3; 0) 3.
7.2. Jlokaxkute, 4YTO BCE BO3MOXHBIE KapThl Ha IUIOCKOCTH,
o0pa3oBaHHbBIE TIPSIMBIMH, MOTYT OBITH PACKpAIICHBI B JIBA IIBETA.

Pewmenue. SlcHo, 4TO KapTy, OOpa30BaHHYIO OJHOM MNPSIMOU
MOKHO pacKpacuTh B 1Ba 11Beta (puc. 40,a).

N N
a) B) B)
Puc. 40
JlokaxeM, 4TO eciu KapTa, 00pa3oBaHHAs MPSIMBIMH, pacKpalieHa B
JIBa 1IB€Ta, TO KapTa, MOJy4YeHHasi U3 Hee J00aBJIeHHEeM HOBOW MPsSMOM
Takke MOXKET ObITh packpameHa B jaBa nBera (puc. 40,0).
JIeicTBUTENBHO, HOBasi MpsAMas JIEIUT PAcCKpaIllCHHYIO KapTy Ha JIBE
KapThl, KaXJasl U3 KOTOPBIX packpallieHa B ABa 1BeTa. [Ipuuem k camoii
MpSMOI TPUMBIKAIOT Tapbl 00JAacTel, 3aKpalieHHbIE B OJWH IIBET.
[lepexpacuM ofHy M3 KapT-TOJOBUHOK (0€3pa3iMyHO, KaKyl0 UMEHHO),
U3MEHUB IBET KaXJIOW ee 00JIacTM Ha MPOTUBOMOJOXKHBIN. [lomydum
packpacky B aBa 1Beta Bceit kapThl (puc. 40, B). Ilockonbky Jr00yIO
KapTy, 00pa30BaHHYIO MPSMBIMU, MOXKHO TOJYYUTh MOCIIEI0BATEIbHBIM
no0aBIeHUEM MPSIMBIX, TO BCSAKas Takas KapTa MOXET ObITh pacKkpalieHa
B JIBa IIBETA.
7.3. JlokaxuTe, 4YTO BCEBO3MOXKHBIE KapThl Ha IUIOCKOCTH,
00pa3oBaHHbBIE OKPYKHOCTSIMHU, MOTYT OBITh paCKpaIlleHbI B /IBa IIBETA.
Jloka3aTenbCTBO aHAJIOTMYHO MPEbIAYIIEMY.

[\ ]
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7.4. JloKkaxkuTe, 4TO €CIU KapTy, 3alOJIHSIONIYI0 BCIO TIOCKOCTD,
MOXHO pacKpacuTh B JiBa IIBE€Ta, TO OHA UMEET BEPIIMHBI TOJBKO
YETHOTO UHJIEKCA.

Pemienne. Ecu Obl B KapTe MMeNIach BEpIIMHA HEYETHOTO UHICKCA,
TO CTpPaHbI, PACIOJIOKEHHbIE BOKPYT ATOW BEPIIMHBI HENb3s ObLIO Obl
PacKpacuTh JBYyMS IIBETaMH.

7.5. CKONBKO KPACOK JOCTATOYHO B35ITh, UTOOBI paCKPACUTh KapTy,
00pa30BaHHYIO JBYMSI KOHIEHTPUUYECKUMHU OKPYKHOCTSIMHU, UMEIOITUMU
n neperopook (puc. 41)?

Puc. 41 Puc. 42

OtBer. 3 kpacku, eciu N 4eTHO; 4 KPacKu, €Clii N HEYETHO.

7.6. Kakoe HaubOonbllee 4YHUCIO KIETOK B KBajapaTe NXn,
HapHMCOBAHHOM Ha KjiedyaTtoil Oymare, MOKHO 3aKpacUTh TaK, YTOObI HU B
OJIHOM KBaJIpate 2X2 HE 0Ka3aJ0Ch TPEX 3AKPAILICHHBIX KJIETOK?

Pewenne. N%/2, eciu N 4etHo, u (N + N)/2, eciu N HederHo. Takue
YHCIIa TMOJIYHYar0TCsl, €CJIM 3aKPACUTh IIETMKOM BCE CTPOKH C HEYETHBHIMU
HoMepamu: 1-10, 3-f0o u T.1. Jlokakem, 4TO OOJBIIEr0 KOJIMYESCTBA
KJIETOK 3aKpacuT HEb3S.

Ecim n=2k, To pasobbem kBagpar 2kx2k na k* kBampatos 2x2. B
KOKJIOM M3 HUX MOXET ObITh HE 0oJiee NBYX 3aKpallleHHBIX KIIETOK.
CrnenoBaTenbHO, 00Iee YHCIIO 3aKPAIIEHHBIX KJIETOK HE MPEBOCXOJUT
2k*=n’/2.

Ecmu n=2k+1, To paccmorpum k*+K KkBampaToB 2X2, yKasaHHBIX
Ha pucyHke 42. B kxaxmom w3 HUX MOXeT OBITh He Oonee ABYX
3aKpalIeHHBIX KIETOK. Jlaxke ecinu JONOJHHUTENBHO 3aKpacuTh K+1
KJICTOK, JIeXKAIIUX Ha JUArOHAIIM W HE MOKPBITBIX KBajpaTaMHu 2X2, TO
BCE pPaBHO OOIIEe YHUCIO 3aKpalleHHbIX KJIETOK HE MPEBOCXOJUT
2(k*+k)+k = (n*+n)/2.

7.7. MoOXHO M 3aKpacuTh Ha KJIETOYHOM Oymare 25 KIJIETOK Tak,
YTOOBI y KaX/10M U3 HUX OBLIO HEYETHOE YHCIIO 3aKPaIICHHbIX coceei?
(CocenHrMU CUUTAIOTCS KIIETKU, Y KOTOPBIX €CTh 00IIasi CTOPOHA.)

Pemrenne. Ilycte N(K) - 49MCIIO OKpAIICHHBIX KJICTOK, HMMEIOIIUX
poBHO K okpamreHHbix cocemeii. O0o3HaunM uepe3 N umciao oOmmux
CTOPOH OKpAIICHHBIX KJIETOK. Tak Kak KaxJas M3 dTUX OOIIUX CTOPOH

COOCPIKHUTCA POBHO B ABYX OKpalICHHBIX KJICTKax, TO
N=(n(1)+2n(2)+3n(3)+4n(4))/2=(n(1)+n(3))/2 + n(2)+n(3)+2n(4). Tak
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kak N - memoe uwmcio, To N(1)+n(3) gerHo. Takum oOpa3zoMm, YUCIIO
OKpAIIICHHBIX KJIETOK, HWMECIOMIMX HEYETHOE YHCJIO COCEIEH, YETHO.
[TosToMy Henb3si OKpacuTh 25 KIETOK TakK, YTOObI Y KaXXJI0M M3 HHUX
OBLIIO HEUETHOE YUCIIO OKPAIICHHBIX COCENICH.

7.8. Ha pucynke 43 wuzoOpakeHa KapTa, pacKpalieHHass B JBa
[[BE€Ta, MOJy4YeHHas pa3OMEeHHEM IIECTHYTOJIbHUKA Ha TPEYTrOJbHUKU.
[Ipuyem TpeyroJibHUKHU, MPUMBIKAIOIIME K CTOPOHAM IIECTUYTOJIbHUKA,
3aKpalieHbl B OJMH 1BeT. JlokakuTe, 4YTO KapTy, MOIYYECHHYIO
pazOuenueM 10-yroiapbHUKa Ha TPEYTOJIBHUKH, HEIb3S PACKPACUTh B JIBA
[[BeTa TaK, YTOObI TPEYroJIbHUKH, MPUMBIKaIMe K cTopoHam 10-
YTOJbHUKA ObUTH 3aKpaIlCHBI B OJWH IIBET.

Puc. 43
Pemenue. Ilpenmnonoxkum, 4To Mbl pacKpacwiid KapTy B YEpHBIH U
Oeunprit 1BeTa. O003HAUMM N - YUCIIO CTOPOH YEPHBIX TPEYTOJLHUKOB, M -
YHUCJIO CTOPOH OENBIX TPEyroabHUKOB. Tak Kak Kaxkaas CTOPOHA YEPHOTO
TpEyrojibHUka (Kpome CTOpoH 10-yronbHHKa) SBIAETCS TaKkKe U
CTOpOHOM Oenoro TpeyroibHuka, To N-M=10. C apyroii cTopoHsl, 00a
yucia N u M pensrcsa Ha Tpu. [IpoTuBopeune.

8. IIpsiMbIe U MII0CKOCTH B IPOCTPAHCTBE
[IpuBeneM HECKOJBKO KOMOMHATOPHBIX 3aJlady, OTHOCSIIUXCS K
B3aMMHOMY PaCIOJIOKEHUIO MPSAMBIX U TIJIOCKOCTEN B MPOCTPAHCTBE.

8.1. CkOJbKO TUIOCKOCTEH MPOXOIUT HYepe3 pa3jIuvHbIC Tapbl W3
TpeX NapauIeNIbHBIX MPSAMBIX B MPOCTPAHCTBE, HE JIKAIIMX B OJHOU
MJI0OCKOCTHU?

3agada aHanornyHa 3ajnade 1.1. Yyammecs pucyrot B TeTpaaud Tpu
MOMAapHO TMapajulesibHble TpsIMbIE, W, MPOBOJS IUJIOCKOCTH Yepes
Pa3IUYHBIC TAPBI U3 ITUX MPSAMBIX, YOKIAIOTCSA, YTO KOJTUYECTBO TAKUX
IJIOCKOCTEN PABHO TPEM.

8.2. CKOJBKO TUIOCKOCTEH MPOXOIUT 4Yepe3 pa3jIudHbIe Mapbl W3
YEThIPEX TMapajuIe/IbHBIX TMPSMBIX B IPOCTPAHCTBE, HUKAKUE TPU U3
KOTOPBIX HE JIekKAT B OJHOM MJIOCKOCTH?

3amaua anainornuna 3agaue 1.2. OtBerT: 6.
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8.3. CKOJBKO IUIOCKOCTEH MPOXOAUT uYepe3 pazlUYHbIC Mapbl U3
MSITU MapaUIeIbHBIX MPSMBIX B MPOCTPAHCTBE, HUKAKUE TPU U3 KOTOPHIX
HE JIEKAT B OJHOM INTOCKOCTH?

3anava ananoruysa 3agade 1.3. Otser: 10.

8.4. CKOJIBKO IJIOCKOCTEH MPOXOJUT Yepe3 pazivuHble Mapbl U3 N
napajuleJIbHbIX NPSMBIX B IPOCTPAHCTBE, HUKAKUE TPU U3 KOTOPBIX HE
JIeKaT B OJTHOM MIIOCKOCTHU?

3anava ananoruysa 3agade 1.4. OTBer: M

8.5. Kakoe Hambospliee 4uCIO MPSMBIX MOXKET IMOJIYUYUTHCS IMPH
HOTIApHBIX EPECEUEHUAX TPEX MIOCKOCTEMN?

Pemenue. 3amaua ananoruuHa 3agade 1.5. Haumbonbiiee uwmcio
NPSAMBIX TOJYYaeTCs, €CIM KaK[as IJIOCKOCTh MEepeceKaeTcsl ¢ ABYMS
IPYTUMHU IUIOCKOCTAMHA. OTBET: 3.

8.6. Kakoe HanOousblliee YMCIO MPSIMBIX MOXKET MOJYYUTHCS IPH
ITOIIAPHBIX NEPECEUECHUAX YETHIPEX TIIOCKOCTEN?

3amaua aHainmorn4dna 3agaue 1.6. OtBerT: 6.

8.7. Kakoe HauOoublllee YUCIO MPSIMBIX MOXKET MOJYYUTHCS IPH
ITOIIAPHBIX IEPECEUCHUAX MATHU ITIOCKOCTEN?

3agaya aHaimornyHa 3agade 1.7. Otsert: 10.

8.8. Kakoe Hambospliee 4uCIO MPSAMBIX MOMKET IMOJYUYUTHCS IMPU
MOTMapHBIX MEPECEUCHUAX N MIOCKOCTEH?

3agava aHasnornyHa 3aaade 1.8. OtBer: M

8.9. CKOJBKO MIOCKOCTEN MPOXOIUT Yepe3 pa3InyHble TPOUKH U3
YETHIPEX TOUEK B MPOCTPAHCTBE, HE JICIKAILKUX B OAHOUN MIIOCKOCTH.

VYyamecs puCYIOT B TETpaad YEThIpE TOYKH U, MPOBOAS
IJIOCKOCTU 4Yepe3 KaXIble TPU U3 HUX, YOEXKIAIOTCS, YTO YUCIO TaKUX
IJIOCKOCTEW PABHO YETBIPEM.

8.10. CxonBbKO MIIOCKOCTEN MPOXOJUT YEPE3 PAZTUYHBIE TPOUKH U3
MATH TOYEK B MPOCTPAHCTBE, HUKAKUE YETHIPE U3 KOTOPHIX HE JIEkKaT B
OJTHOM IUTOCKOCTH.

Pemenue ananornyno npeasiaymemy. Otset: 10.

8.11. B mpocTpaHCcTBe HaHbl N TOYEK, HUKAKUE YETHIPE U3 KOTOPHIX
HE JeXaT B OJIHOM TJIOCKOCTU. CKOJIBKO TUIOCKOCTEH MPOXOAUT uepes
pa3JIMYHbIE TPOUKU U3 ITUX TOUYEK?

Pemenne. I10CKOJIBKY IIIIOCKOCTHh OJHO3HAYHO 3a7A€TCSl TPEMs
TOYKaMH, HE JI)KAIIMMHU HA OJTHOM MPSAMOM, TO YUCIIO TNIOCKOCTEH PaBHO
n(n-1)(n-2)

5 :

8.12. ChopmynupyiiTe u pemmTe 3aaa4dy, IBOUCTBEHHYIO K 3a7a4e
8.11 (ABOMCTBEHHBIMHU CUUTATh TOYKH U TIJIOCKOCTH).

YHUCIIy COYETaHUM U3 N MO TPH, T.€. PABHO
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Pemenwne. JIBoiicTBeHHOU Oymer ciemyromas (GopmyiaupoBka. B
OPOCTPAHCTBE JIaHBI N  IUIOCKOCTEH, Kaxable TPU U3  KOTOPBIX
MIEPECEKAIOTCS B OJHOM TOYKE M HUKAKUE YETHIPE TUIOCKOCTH HE UMEIOT
oOmel Toukn. KakoBo o0uiee 4ncio ToYeK nepeceyeHus ?

n(n-1)(n-2)

OrtBer:

8.13. Ha kakoe HauOouiblllee YHCIIO 4YacTed MOTYT pa30HBaTh
IPOCTPAHCTBO JABE MJIOCKOCTU?

3amaya aHanmoruyHa 3amade 1.9. VYwammecs wuzo0paxaroT B
TETpagu [JBE IUIOCKOCTH H BBIICHAIOT, 4YTO €CIU IUIOCKOCTH
napajiesibHbl, TO YHCIO YacTel MPOCTPAHCTBA PAaBHO 3, €CIH K€
IUIOCKOCTH IIEPECEKA0TCSA, TO YHCIO 4YacTed NPOCTPAHCTBA PABHO 4.
Otser: 4.

8.14. Ha kakoe HauOoJbllIeE YHCIIO YacTed MOTYT pa30UBaTh
IIPOCTPAHCTBO TPH IIOCKOCTH?

Pemenue ananornyHo npeasiaymemy. Hanbospiee ynciio yacrei
MPOCTPAHCTBA TOJy4aeTCsd B CIIy4ae, €CIM IJIOCKOCTH MMEIOT TOJIBKO
OJIHy 00111yI0 TOuKy. OTBET: 8.

8.15. Ha kakoe HauOoJiblliee YHCIIO YacTed MOTYT pa30UBaTh
IPOCTPAHCTBO YETHIPE MIIOCKOCTH?

Pemenue ananornuno npensiaymemy. Orser: 15.

8.16. Ha ckonbko 4acTteil AENsIT NPOCTPAHCTBO N IUIOCKOCTEH,
IPOXOASIIUX Yepe3 OAHY TOUYKY, HUKAKUE TPU U3 KOTOPBIX HE MPOXOIAT
yepes OJIHY NMPSIMYI0?

Pemenne. BplsicHMM, Ha CKOJIBKO YBEIMYMBATHCS YKCIO YacTEH
MPOCTPAHCTBA TMpU J100ABJICEHUM HOBOM N-OM TIUIOCKOCTH K YXKe
umMerouMest (N — 1) MIOCKOCTSIM, MEPECEKAOIIUMCS B OJTHOM TOUKE. DTO
YBEJIMYEHHUE MPOUCXOUT 33 CUET TOTO, YTO KAKHE-TO YaCTH MPOCTPAHCTBA
pa30MBarOTCS HOBOM IUIOCKOCTHIO Ha MeEHbIIMEe dYacTh. KomudecTtBo
yacTell MPOCTPAHCTBA, KOTOpble pa3OMBAIOTCS HA JBE YacTU HOBOU
MJIOCKOCTBIO, PABHO KOJIMYECTBY 4YacCTEl HOBOW IUIOCKOCTH, Ha KOTOPbIE
OHa pa30MBaeTCs JIMHUSAMHU MepecedeHuss ¢ umeronmmucsa (N — 1)-oit
mIockocThio. Kaxkmass Takas dYacTh HOBOW IIJIOCKOCTH —pa3OMBaeT
COOTBETCTBYIOIIYIO YacTh MPOCTPAaHCTBA Ha JBE 4acTH. [lockoabky N-s
IUIOCKOCTh Tepecekaercs ¢ (N — 1)-0if TUIOCKOCTBIO IO MPSIMBIM,
NPOXOMASAIIMM Yepe3 OJHY TOYKYy, TO YHCI0 4acTed paBHo 2(n — 1).
CnenoBatenbHO, HAUOOJIBIIIEE YUCIIO YACTEH MPOCTPaHCTBA PABHO CyMMeE
242+4+ ... +2(n-1)=2+n(n-1)=n*-—n+2.

8.17. Ha kakoe HauOouiblllee YHCIIO 4YacTed MOTYT pa30OUBaTh
IIPOCTPAHCTBO N IUIOCKOCTEN?

Pemenue. BpIsIcCHUM, Ha CKOJIBKO MOXET YBEJIMYMUBATBHCS YHUCIO
yacTel MPOCTPAHCTBA MpPH J100ABJICHUM HOBOW N-OM IJIOCKOCTH K YXKe
uMeroruMmest (N — 1) miockoctu. KonmuecTBO yacTe MpOCTpaHCTBA,
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KOTOpBhI€ pa30MBalOTCSI Ha JBE 4YacTH HOBOW IJIOCKOCTBIO, PaBHO
KOJIMYECTBY YacTe HOBOW IIJIOCKOCTH, Ha KOTOpHIE OHA pa3OWBacTCs
JUHUSAMH TTepecedeHus ¢ nMeromumucs (N — 1)-oif mrockocThio. Kakmas
Takas YacTb HOBOW IUIOCKOCTH pPa30MBAE€T COOTBETCTBYIOIIYIO YacCTh
IpOCTpaHCTBa Ha JiBe YacTH. [10CKOJIbKY N-s TJIOCKOCThH MepeceKaeTcs ¢
(n — 1)-0ff IUIOCKOCTBIO, TO HAWOOJbBIIEE YHUCIO 4YacCTe paBHO

n(n-1 o
M+1. CrnenoBaTenbHO, HAaMOOJBINIEE YUCIO YacTel MPOCTPAHCTBA

paBHO CyMMe

n(n-1)
2

CaMoCTOSITEIbHO HOHp06yﬁTe YIIPOCTUTD ITOJIYYCHHOC BBIPAKCHUC.

1+1+2+4+7+ ... +( +1).

9. MHOTOrpaHHUKH
[IpuBeneM HECKOJIBKO NPUMEPOB KOMOMHATOPHBIX 3aJady Ha
MHOTOrpaHHHKU. HauHem ¢ mpocThIX 3a1ad.

9.1. Mosxet nu B mupamuie ObiTh 21 pedpo?

Otset: Het. B nupamue unciio pedep 4eTHo.

9.2. Mosxet i1 B ipu3Me ObITh 16 pedep?

OtBet: Het. B npusme uncio pedep aenurcs Ha Tpu.

9.3. Uemy paBHO 4YMCIIO AMAroHaiIEH B N-yroJabHOW MpU3Me?

Otgert: n(n-3).

9.3. CkonbKO OCelt CHMMETPHUH UMeeT KyO?

Otser. 3 ocu cumMmetrpuu 4-ro nopsiaka; 4 ocu CUMMETPUU 3-TO
nopsiika; 6 oceil CHMMETPHUH 2-TO TOPAIKA.

9.4. CKOIBKO TJIOCKOCTEHM CHMMETPUU UMEET KyO?

OtBeT. 9 MI0CKOCTEN CUMMETPUH.

9.5. B nmnpaBunbHOM TeTpadape 3akpacuiud OAHY TIpaHb. B
pe3ynbTaTe Kakux MpeoOpa3oBaHM, OCTaBIAIONIMX Ha  MeECTe
3aKpalleHHYIO IPaHb, OH CAMOCOBMECTUTCS?

Otger. IloBopor Ha 120° BOKpYr BBICOTHI ONYIIEHHOW Ha
3aKpalleHHYl0  TpaHb, CUMMETPUSl  OTHOCUTEJIBHO  IUIOCKOCTH,
OPOXOJAIlEH Yepe3 BBICOTY 3aKpalICHHOW TpaHU M MPOTHUBOMOJIOXKHYIO
€1 BEPIIMHY TETpadIpa.

9.6. B kyOe 3akpacunu oJHYy TpaHb. B pe3ymbrare Kakux
npeoOpa30BaHUid, OCTaBISIONMIMX HA MECTE 3aKpalleHHYH TpaHb, OH
CaMOCOBMECTHUTCS?

Otset. B pe3ynbraTe nmoBopota Ha 90° BOKpPYTr OCH, MPOXOJSIIEH
yepe3 LEHTP 3aKpalleHHOM TIpaHu; B  pe3yibTare CUMMETPUU
OTHOCHUTEBHO MIOCKOCTEM, NEPHIEHAUKYIISPHBIX 3aKPAIICHHOW IPaHHu.

9.7. Ocu cUMMETpUM KakKOro MOpsiKa HMEET: a) NPaBUIbHBIN
TeTpas’ap; 0) OKTadp; B) J0ACKAdIP; T) UKOocaraAp?
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OTBeT. a) OCM CHMMETPUU BTOPOTO M TPETHETO TOpsKa; 0) ocu
CUMMETPUU BTOPOTO, TPETbEr0 M YETBEPTOrO IMOPSAKOB; B) OCH
CUMMETPUU BTOPOT'O, TPETHErO U ISTOrO MOPSIKOB; ') OCH CUMMETPHH
BTOPOT0, TPETHETO U MATOTO NOPSAIKOB.

9.8. Ckonbko MMeeTcs pPa3IMYHbIX JABWKEHUW, MEPEeBOISAIINX B
ce0s: a) MpaBWIBHBIN TeTpadp; 0) KyO; B) OKTa’ap; I') MKOCAdIP; )
noaekasap?

Ortger. a) 24; 0) 48; B) 48; 1) 120; n) 120.

9.9. Moer 11 y MHOTOTpaHHUKA ObITH CEMb pedep.

Pemienne. Her. B BepmmHax Takoro MHOTOTPAHHUKAa HE MOXKET
CXOJUTBHCS YeThIpe pedpa, TaKk KaKk B 3TOM CIIy4dae YHCIIO pedep 3Toro
MHOTOIpaHHHMKA ObLIO OBl OoJiblie cemMu. Ecnu ke B KaXIOW BEpIIMHE
MHOTOTPaHHHMKA CXOJMTCS 1O TpU pedpa, TO YHUCIO pedep 3TOro
MHOT'OTPaHHHKA JOJKHO JIEJIUTHCS Ha TPH.

9.10. Jokaxwute, 4Tto A Jt000T0 N, OONBIIETO CEMHU CYLIECTBYET
MHOT'OTPaHHHK ¢ N peOpamu.

Pemienne. Eciim n = 2K — 4eTHO, TO MCKOMBIM MHOTOTPaHHHUKOM
sBisieTcss K-yronpHas mupamuaa. Ecaum n = 2k + 3 — HewyeTHO, TO
HUCKOMBI MHOTOTPAHHUK TIIOJIy4aeTCss W3 K-yroJbHOW MHpamuIbI
OTPE3aHUEM OJIHOTO YyIJia IPU OCHOBAHUMU.

9.11. Jloxaxwure, 4To y J000T0 MHOTOTpaHHHMKA YUCIIO TPaHEH C
HEYETHBIM YUCIIOM pebep YETHO.

Pemenue. [Ipeanonoxxum, 4To 4MCIIO TPAHENW C HEUYETHBIM YHUCIIOM
pebep HeuerHo. Torma oOmee uucno pebep B 3TUX TpaHsIX Oyner
HeueTHbIM. OO11ee 4uciao pedep B TIpaHSAX C YETHBIM YHCIOM pebdep
yeTHO. [losTomMy wymcio pebep Bcex rpaneid Oyner HedetHo. OpHaAKO
KaXJ0€ peOpo BXOAWUT POBHO B JIBE TpaHH, U NpU mojcyeTe pedep,
BXOJAIIMX B TPaHU, Mbl CUMUTAIM KaxJI0€ peOpo ABaXAbl, T.€. OIHO
JOJDKHO ObITh 4eTHBIM. [IpoTuBOpeune. CrnenoBaTesibHO, YUCIIO TPaHEH ¢
HEYETHBIM YUCJIOM pedep JOJKHO ObITh YETHO.

9.12. lokaxuTte, 4TO y JHOOOTO MHOTOTPAHHUKA YUCIIO BEPIIHH, B
KOTOPBIX CXOJIUTCSI HEUETHOE YHUCIIO pedep, UETHO.

Pemenue. Kaxngoe peObpo MHOrOrpaHHUKAa COCIAMHSIET JIBE €r0
BepiuHbl. [loaTOMy cymmapHoe unciio pebep, BBIXOIAMIMX U3 Kaxaoh
BEPIIMHBI MHOTOTpaHHMKA, 4eTHO. (Cle0BaTeIbHO, YMCIIO HEYETHBIX
CJIaraeMbIX B 3TOM CyMMe JIOJKHO OBITh YETHBIM.

9.13. JlokaxwuTte, 4To A yMciia BepiinH B, uucna pedep P u
yuciia rpaHeid [' MHOrorpaHHuKa BBITIOJHAKOTCS HepaBeHCTBa: 2P > 3B,
2P > 3T

Pemenne. B kaxnol BeplIMHE MHOIOIDAHHUKA CXOLATCS, IIO
KpaiiHeil Mepe, Tpu pedpa. I[losTomMy BbINIONHSIETCS HEpaBeHCTBO 2P >
3B. AHaJIOrM4HO, Ka)kaas rpaHb MHOTOTPAHHMKA HMEET, MO0 KpalHEn
Mepe, Tpu pebpa. [losromy BeimoHsIeTCs: HepaBeHCTBO 2P > 3T,
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9.14. Cxonpko map napauiebHbIX pedep UMeeTcs y: a) TeTparapa
(puc. 1); 6) ky6a (puc. 2); B) oktasapa (puc. 3); r) ukocarapa (puc. 4); m)
nojaekaspa (puc. 5)?

OrTger.

9.15. Ckonpko map CcKpeluBarommxcs pedep uMeeTcs y: a)
TeTpaszpa; 0) ky0da; B) OKTa’Apa; I') HKocadipa; 1) aojaekarapa?

Orser.

9.16. Kakue u CKOJIBKO rpaHell UMEET: a) YCeUEHHBIN TeTpasp (puc.
1); yceueHHbli KyO (puc. 2); B) ycedeHHBbIM okTa’aAp (puc. 3); 1)
yCeUEHHBIN uKocadip (puc. 4); 1) yceueHHbIH noaeka’ip (puc. 5)?

OrTger.

9.17. Kakue u CKOJIbKO IpaHell uMeeT: a) KyoookTarap (puc. 1); 0)
ukocosoaeka’ip (puc. 1); B) ycedeHHbId KyOookTarap (puc. 1); 1)
yce4YeHHbIN nKocooaeka’ip (puc. 1)?

Otser.

9.18. Kakue 1 CKOJIbKO IpaHeil UMeeT: a) poMOOKYOOOKTasip (puc.
1); 6) pomboukocononekarap (puc. 1); B) KypHOCHId KyO (puc. 1); r)
KypHOCHIH jgoaeka’ip (puc. 1)?

Ortser.

9.19. MOHO I CKJIEUTh MOBEPXHOCTh MHOTOTPAHHUKA U3: a) TATH
TPEYroJIbHUKOB;  0)  JE€CATH  TPEYroJbHUKOB; B)  MSATHAAIATH
TPEYrOJILHUKOB; T)* N TPEyroIbHUKOB.

Otger: a), B) Her; 0) na, naruyronpHas OunupamMuaa; r) aa, eciau N
YETHO U OOJIbIIE ABYX, HET, €CIIM N HEUYETHO.

9.20. Jlokaxurte, 4yTo y JIF0OOrO0 MHOTOTpaHHUKA HAWUAYTCA, IO
KpaliHelW Mepe, JBe T'paHu C OAMHAKOBBIM uucioMm pebdep. Ilpuseaute
MpUMEP MHOTOTPAaHHUKA, Y KOTOPOTO HET TPeX TpaHel ¢ OJMHAKOBHIM
qucaom pedep.

JlokazaTenbCTBO.

9.21. Jlokaxkute, 4To y JHOOOTO0 MHOTOTpaHHUKA €CTh, MO KpahHeu
Mepe, JBE BEPIIMHBI, B KOTOPHIX CXOJUTCS OJMHAKOBOE YHUCIO pedep.
[IpuBenuTe mMpuUMeEp MHOTOTPAaHHUKA, Y KOTOPOTO HET TpeX BEpIIHH, B
KOTOPBIX CXOJUTCSI OJMHAKOBOE YHCIIO pedep.

JlokazaTenbCTBO.

9.22. Kakoe MUHUMAJIBHOE YMCIIO KPACOK MOTPEOyeTCs ISl OKPaCKu
rpaHeil ky0Oa, MpU KOTOPOH COCENHHME TpaHW HUMENH Obl Pa3THMYHbBIC
nsera?

Ortger. 3.

9.23. Yepes pebOpa TeTpadapa, HapauiebHO MPOTHUBOIOIOKHBIM
pebpam mpoBeieHbI TUIOCKOCTH. Ha CKOJIBKO YacTel eNsAT MPOCTPAHCTBO
BCE€ OTH IUIOCKOCTH?

Otser. 27.
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9.24. UYepe3z pebOpa kyba, NEPHEHIUKYISIPHO IUATOHAIBLHBIM
CEUYCHHSIM, MPOXOISIIUM depe3 AT pebpa, MPOBEACHBI IUIOCKOCTH.
CKoJbKO BEpIIUH, pedep U IpaHeil UMeeT MHOTOTPAHHUK, OTPAaHUYEHHBII
ATUMH TIOCKOCTSIMHU.

OtrBer. B=14,P=24,1 =12.

9.25. CKOJNBKUMHU Pa3IMYHBIMU CIIOCOOAMU B KyO MOJKHO BIIHCATh
terpadip? (Terparap HaszbiBaeTcs BHUCAaHHBIM B MHOTOTPaHHUK, €CIH
€ro BepIIMHAMU SIBJISIFOTCS] BEPIIMHBI MHOTOTPAHHHUKA. )

Ortger. 58.

10. Teopema Jiijiepa AJisi MHOTOTPAHHUKOB
Pemenue 6osboro kjiacca KOMOMHATOPHBIX 3a/1ay MO T€OMETPUU
OCHOBBIBAETCS HAa Teopeme Jijiepa O 4Yucie BEpIIMH, pedep U rpaHei
BBIITYKJIOTO MHOTOTPAaHHUKA.
Teopema Jisepa. g 11000r0 BBITYKIOT0O MHOTOTPAHHHMKA
MMEET MECTO COOTHOIICHHE

B-P+I'=2,
rae B - uucno BepmmH, P - uncno pedep u I' - uucio rpaneit jaHHOTO
MHOTOI'PaHHUKA.
Jloxa3aTejibCTBO. [IpencraBum IIOBEPXHOCTh JTAHHOT'O

MHOTOI'PaHHHKA CIEIaHHOW U3 3JIACTUYHOIO Marepuana. Y JaluM
(BBIpEKEM) OJIHY U3 €r0 IpaHe M OCTaBUIYIOCS MOBEPXHOCTh PACTIHEM
Ha TIOCKOCTH. [lomydunm MHOTOYrONbHUK, pazouteii Ha [7 =T - 1
MHOT'OYTOJIBHUKOB (KOTOpBIE, MO-MPEKHEMY, Oy/1IeM Ha3bIBaTh IPaHsIMU),
B Bepumn u P pebep. Kak Ob110 10Ka3aHO paHee, JUIsl HErO BBIOJIHSETCS
cootHouenue B - P + 17 = 1. [loaTtoMy It HICXOQHOTO MHOTOTPAHHHUKA
OyzieT UMeTh MecTo Tpebyemoe cooTHomeHue B - P+ 1" = 2.

[IpuBeneM HECKOJIBKO 3a7]a4 Ha TeopeMy Juiepa.

10.1. I'pansiMH BBITYKIIOTO MHOTIOTPAHHHUKA SIBISIOTCA TOJIBKO
TpeyroiabHUKU. CKOJIBKO Yy HEro BEPUIMH U TPAHE, €ClIU OH UMeeT: a) 12
pebep; 6) 15 pebep?

OtBer: a) B=6,I'=8;06)B=7,1"=10.

10.2. "3 kax1oil BeplIMHBI BBHITYKJIOTO MHOTOTPAHHHUKA BBIXOJUT
Tpu pebpa. CKOIBKO OH MMEET BEPIIMH M TPaHeW, €clii 4uciao pedep
paBHO: a) 12; 0) 15?

OtBer: a) B=8,I'=6;0)B=10,1I"=7.

10.3. I'paHsiMH BBIITYKIIOTO MHOTIOTPAHHUKA SIBISFOTCA TOJBKO
YeThIpEXyTroJbHUKU. CKOJBKO y HEro BEpIIMH U TPaHEH, €ClIu YHCIo
pebep paBHo 12? Hapucylite Takoii MHOTOI'paHHHUK.

Otget: B =8, I' = 6. Hanpumep, ky0.

10.4. B xaxx10M BepUIMHE BBIITYKJIOIO MHOTOTPAHHUKA CXOAMTCS MO
yeThIpe pedpa. CKOJIBLKO OH UMEET BEPIIUH U IpaHei, eCiIu Yuciio pedep
paBHO 12? HapucyiiTe Takoil MHOTOIpaHHUK.
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Otget: B = 6, I' = 8. Hannpumep, oktasap.

10.5. Jlokaxxure, 4To B JIOOOM BBIITYKJIOM MHOTOIPDAHHHUKE €CTh
TpeyrojbHasi TpaHb WIM B KaKOH-HUOYAb €ro BEPIIMHE CXOJATCS TpHU
pedpa.

Pemenue. O603Haunm I'y — 9ncino N-yroiapHBIX rpaneit, B, — dncino
BEPIIMH, B KOTOPBIX cxoautcs N pedep. Ilpennonoxum, uto ['3=0, B3=0.
Torga 2P = 4I'4,+515+... >41°, 2P = 4B,+5Bs+... >4B. CnenoBaTensHo,
OyIeT BBINOJHATHCS HepaBeHCTBO 4B-4P+4I° < 0, 4TO MPOTUBOPEUUT
cooTHomenuto ditnepa. [Tostomy wmm '3 = 0 wim Bz = 0.

10.6. JoxaxuTe, 4TO B TI0OOM BBITYKJIOM MHOTOTpaHHUKE Hal1eTCs
I'paHb, Y KOTOPOIl MEHEE 1IECTU pedep.

Pemenue. Ilpenmnonoxum, 4To rpaHd BBITYKJIONO MHOTOTpaHHUKA
uMeroT Oosiee AT cropoH. Torma 2P=6I¢t+717+... > 6I, 2P =
3B;+4B4+... > 3B. CaemoBarenpHo, 6B-6P+6I° < 2P-6P+4P = 0, uto
MIPOTUBOPEYUT COOTHOLIEHUIO DUJIEpa.

10.7. 1aH BBITYKJIBIA MHOTOIPaHHUK, BCE TPAHU KOTOPOT'O0 UMEIOT 3,
6 unu 7 pedep, U B KaKI0M BEPIIMHE CXOAATCs 0 Tpu pedpa. Jlokaxure,
YTO YUCJIO MATUYTOJIbHBIX I'paHell Ha 12 Gobliie Yuciia CEMUYTOJbHBIX.

Pemenne. HUmeem, 2P = SI5+616t717, 3B = SI5+6I6+71%.
CnenoBatenbHo, 6B-6P+6I" = 2(5Ist+6I¢+717) - 3(SIst+6I¢t71;) +
6(I'stI'gtl7) = I's - T'7. B cuny coorHomenust Ditniepa, MOCIEIHS
pPa3HOCTh paBHa 12.

10.8. [Hoxaxute, 4to s uyuciaa BepimmH B u umcna rpameit I’
BBIITYKJIOTO MHOTOTPaHHHKA BBIMOJHAKOTCA HepaBeHCTBA B + 4 < 2" <
4B - 8.

Pewenne. B cuity cootHomenus Oinepa, umeem 2I' = 4 —2B + 2P.
Bocnonbe3yemcs HepaBenctBamu 2P > 3B m 2P > 31" u3 3amaunm 9.13.
[Tomyunm 2I'=4 -2B +2P > 4 -2B+3B=4+B;2'=4-2B+2P > 4
— 2B + 3I' n, cnemoBarensHo, I' < 2B — 4.
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