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PREFACE

The book discusses remarkable curves in the plane, their properties,
construction, and modeling.

It is intended fofirst-year university students studying advanced geometry.
The correspondingourse was developed and implemented into the educational
process at the Institute of Mathematics and Informatics of Moscow Pedagogical
State University. It was based on an elective course developed within the
framework of the "Mathematics. Engineers dfet Future" project by the
Prosveshcheniye Publishing House.

In this course, students will be able to:

1 become familiar with classical curvasdtheir properties;

1 illustratethese curves and model them using computer software;

1 usevarious methods for analytically defining curves.

This course in analytical geometry will also:

1 increase students' motivation to study mathematics;

1 accommodate different levels of preparation and diverse interests -of first
year students;

1 fill gaps in students' knowledge of geometry;

1 prepare them for advanced mathematics courses.

It consists othreemodules.

The first module is devoted trves as sets of points satisfying a given
condition It examines one of the fundamental ways of defining curves on a plane,
which consists of specifying a property that the points of these curves satisfy.

Figures composed of all points, and only those points, that satisfy a given
property are given the speci al name 7

In the school geometry curriculum, the perpendicular bisector of a segment
and the angle bisector are considered as examples of geometric loci.

In this course, the concept of a geometric locus is used to define various
curves on a plane, including the parabola, ellipse, hyperbola, named curves, anc
others.

The possibilities of using the computer program GeoGebra to model curves
as geometric loci are demonstrated.

The second module examines curves as trajectories of moving points. Such
curves include the cycloid, epicycloids and hypocycloids, cardioid, astroid, Steiner
curve, and others.

The possibilities of using the computer program GeoGebra to model curves
as trajectories of moving points are demonstrated.

The third module considethe analytical representation of curves in the
plane, including the representation of curlsgs

1 an equation in Cartesian coordinates;
1 parametric equations;
1 equations in polar coordinates.

In the fourth module, we present curves on the sphere and Poincaré models

of theLobachevskyplane



In addition to theoretical material, eaamodule of this course contains
exercises in computation, proof, construction, and modeling.
At the end of the book, answers and solutions to the exercises are provided.



MODULE 1. CURVES AS SET OF POINTS
1. Parabola
Fix a line d in the plane and a pointt not lying on it.
A parabolais the locus of points in the plane that are equidistant from a given line
d and a given poinE. The lined is called thedirectrix, and the poinF is called
thefocusof the parabola (Fig. 1.1)he pointG on a parabola nearest to its directrix
is called its vertex.
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Fig. 1.1

The name «parabola» was introduced by Apollonius of Pangancient
Greek mathematician, one of the three great geometers of antiquity (alongside
Euclid and Archimedes) who lived in the 3rd century BC.

It comes from the Greek wordUj; Ul @ee abol U), whi ch me
«comparison», or «approximation».

To construct a parabola, one can use the GeoGebra computer program,

whose workspace is shown in Figure 1.2.
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Fig. 1.2

Using the "Line" tool, draw a line. Labeldt

Using the "Point" tool, mark a point not lying on this line. Labél.it

Using the "Slider" tool, create a slidethat varies from 0 to 5.

Using the "Circle with Center and Radius" tool, construct a cliohath
centerF and radius.



Draw a linec at a distance from lined.

Using the "Intersect" tool, find the intersection poibf the constructed
circleb and linec. This point A will be equidistant from poirfe and lined.

In the properties of the obtained point, select Trace Of option.

When the slider value is changed, the obtained point will leave a trace in the
shape of a parabola (Fig. 1.3).

Fig. 1.3

Letds demonstrate another way to
program GeoGebra.

Using the "Line" tool, draw a line. Labeldt

Using the "Point" tool, mark a point not lying on this line. Labél.it

Mark a pointD on lined.

Using the "Perpendicular Line" tool, draw a limethrough pointD,
perpendicular to lind.

Using the "Perpendicular Bisector" tool, draw the perpendicular biskector
of segmenDF.

Using the "Intersect" tool, find the intersection poiof the constructed
linesb d c. This point will be equidistant from poiri and lined.

As pointD moves along lingl, this pointA will leave a trace in the shape of
aparabolaffig. 1.4)

Fig. 1.4
In this program, a parabola can also be obtained using the "Parabola” tool.
To do this, select the "Parabola” tool. Indicate pBiand lined. A parabola with
focusF and directrixd will appear on the screen (Fig5)L.
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Fig. 1.5

Mark some poinfA on the parabola. Using the "Distance or Length" tool,
measure the distances from this point to the fdeuwd to the directrixd. By
moving pointA along the parabola, one can verify that these distances are equal.

The parabola divides the plane into two regions. The focus of the parabola
lies in one of them, and the directrix lies in the other. We will call the first region
the interior, and the second the exterior.

Let us prove that for any poir® located in the exterior region of the
parabola, its distance to the focus is greater than its distance to the d{fagtrix
1.6).

Fig. 1.6

Connect pointB and F with a segmentThrough pointB draw a line
perpendicular to linel. Let A, D denote its intersection poswvith the parabola
and thedirectrix. Using the triangle inequality, we obtddt+ > AFT AB=AD i
AB = BD. Finally, we geBF > BD.

By analogy with the definition of a tangent to a circle, we define the concept
of a tangent to a parabola.

A tangentto a parabola is a line that has exactly one common point with the
parabola, while all other points lie in the exterior region (Fig). 1.




Theorem. Let point A belong to a parabola with foclsand directrixd.
Drop a perpendiculaAD from this point to the directrix. Then the line passing
through pointA and containing the angle bisector of anghD is tangent to the
parabola (Fig. B).

Proof. Triangle ADF is isoscelesAD = AF). Recall that in an isosceles
triangle, the angle bisector drawn to the base is also the median and the altitude
Consequently, the lin@ containing the bisector of angt\D is the perpendicular
bisector of segmer2F. For an arbitrary poirB on linea, distinct fromA, drop a
perpendiculaBE to line d. Then the equalityBF = BD holds. SegmenBD is
oblique to lined, while segmenBE is perpendicular. Hence, the inequaB) >
BE holds, from which it follows thaBF > BE. Therefore, poinB does not belong
to the parabola and lies in the exterior region.

The tangent to a parabola passing through a given point can be constructed
in GeoGebra. To do this, use the "Tangents" tool, specifying the point and the
parabola (Fig. D).

b) XB
Fig. 1.9

One of the remarkable properties of the parabola isptgal property,
which is used in the construction of telescope surfaces, parabolic antennas, etc.

Optical property. If a light source is placed at the focus of a parabola, the
rays, after reflecting off the parabola, travel in a single direction perpendicular to
the directrix.

Proof. We use the fact that light reflects off a curve in the same way as off
the tangent line drawn at the point of incidence. Suppose a ray of light emanates
from the focud= and reflects off the parabola at pofaFig. 110).
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Fig. 1.10
Denote by 1 and 2 the angles into which the tangent divides BA§leand
by 3 the angle vertical to angle 2. Then angles 1 and 3 are equal. Since the angle o
incidence equals the angle of reflection, the reflected ray will travel in the direction
of ray DA, i.e., in the direction perpendicular to the directrix.

Exercises
1. Draw a parabola with a given focus and directrix (Figl)L.1

Fig. 1.11
2.  Construct a parabola using the GeoGebra computer program.
3.  Prove that for point€ located in the interior region of a parabola, the
distance to the focus is less than the distance to the directrix.
4.  For a given focu$ and directrixd of a parabol@onstruct the tangent
to the parabola passing through a given point (Fig2)1.1

a) b) B
Fig. 1.12



5. How many tangents to a parabola can be drawn through a point: a)
lying on the parabola; b) located in the exterior region; c) located in the interior
region?

6. For two given points on a parabola and its direding the position
of the focus of the parabola (Fig. 3)1Determine how many solutions the problem
has.

Fig. 1.13 Fig. 1.14
7.  For two given points on a parabola and its focus construct the directrix
of the parabola (Fig. 15). Determine how many solutions the problem has.
8.  Findthe locus of centers of circles that pass through a given point
and are tangent to a given libgFig. 1.16).

Fig. 1.15 Fig. 1.16

9.  Find the set of verticesC of trianglesABC with two equal sides
(AC = BQ), where verteA is fixed and verteB lies on a given lind not passing
through pointA (Fig. 1.15).

10. Find the lokus of points B for which the difference between the
distance to a given poi and the distance to a given libds equal to 1 (Fig.
1.15).

11. Findthe locus of points equidistant from a given line and a given circle
(Fig. 1.16).

12. Findthe locus of centers of circles that are tangent to a given line and
a given circle: a) externally; b) internally (Fig. @)1
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13. Find the angle between two tangents to a parabola drawn through a
point on the directrixProve it.

14. Fortwo givenintersecting lines andb, and a pointC not lying on
them onstruct a circle tangent to these lines and passing through the given point
(Fig. 1.77).

Fig. 1.17
15.Given a parabola with foclksand directrixd. Tangents; anda, are
drawn from poinfA. Prove that the angles under which the segnfeistandAA,
of the tangents are viewed from the fo€usf the parabola are equal (Fig. 1.18).

Fig. 1.18
16. Given a parabola with focus and directrixd. Tangentsa; and a; are
drawn from pointA. Through pointB on the parabola, located inside the angle
aiAa, tangenb is drawn.B; andB; are its intersection points with tangeatand
ap, respectively (Fig. 1.19).




Prove that the following are independent of the position of pBint

a)thevalueof angleB;FB,, find it, if” 0 00  [;

b) the length of the orthogonal projectiinD, of segmenB;B, onto the
directrix d;

c) the sum of the lengths of segmeAR; andAB:;.
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2. Ellipse
Let us fix pointsF; andF, on a plane. Arellipseis the set of all points on
the plane for which the sum of the distances to the given géints&n di s e q |
to a given numbet, which is greater than the distance between these points. The
pointsF; andF, themselves are called thei of the ellipse (Fig2.1).

Fig. 2.1
Thus, for pointdA of the ellipse, the following equality holds:
AF1 + AF; = c, wherec > FiF».

The segment whose endpoints lie on the ellipse and which contains its foci
is called themajor axisof the ellipse.

The midpoint of the major axis of an ellipse is called@ster.

The segment perpendicular to the major axis, passing through the center, and
whose endpoints lie on the ellipse, is calledrttieor axis of the ellipse.

The name «ellipse» was introduced by Apollonius of Pdtganmes from
the ancient Greek wofd a U gejleipsfs), which meanedeficiency.

Johannes Kepler (1571630) discovered that the planets of the Solar
System move not in circles, as previously thought, but in ellipses, with the Sun
located at one of the foci of these ellipses.

To construct an ellipse, one can use the computer program GeoGebra.

For example, sat= 7 (Fig. 2.2).

Fig. 2.2

Using the "Point" tool, mark points;, F, such that the distance between
them is 5.

Using the "Slider" tool, create a slidethat varies from O to 6.

Using the "Circle with Center and Radius" tool, construct a circle with center
F1 and radius, and a circle with centét, and radius i a.

Using the "Intersect" tool, find the intersection points of the constructed
circles.
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In the properties of the obtained points, select the oplicacé OA.

By changing the slider value, the resulting points will leave a trace in the
form of an ellipse.

Letds demonstrat e an ellipde enrthe womputert o
program GeoGebra.

Setc = 7. Using the "Point" tool, mark points;, F, such that the distance
between them is 5.

Using the "Circle withcenter andadius” tool, construct a circieith center
F1 and radiug. Label itd.

Mark a pointD on lined.

Draw asegment;D. Label itb.

Using the "Perpendicular Bisector” tool, draw the perpendicular bisactor
of segment;D.

Using the "Intersect" tool, find the intersection poibf the constructed
linesbd a.

For this point A thefollowing equalitywill hold: AF; + AF; = c.

As pointD moves alongircle d, this pointA will leave a trace in the shape
of an ellipse(Fig. 2.3).

Fig. 2.3

In this program, an ellipse can also be constructed using the "Ellipse" tool.

To do this, select the "Ellipse" tool. Indicate poiRisF,, and some poiraA.

An ellipse with fociF;, F, passing through poit will appear on the screen
(Fig. 2.4).

A

Fig. 2.4



Mark some pointA on the ellipse. Using the "Distance or Length" tool,
measure the distances from this point to the facF,. By moving pointA along
the ellipse, one can verify that the sum of these distances remains constant.

The ellipse with fock;, F, and constant divides the plane into two regions.
One of these regions contains the foci of the ellipse. We will call this region the
interior, and the other the exterior.

Let us prove that for any poiBtlocated in the exterior region of the ellipse,
the sum of the distances to the foci is greater than

Connect poinB with pointsF;, F, by line segments. Denote Bythe point
of intersection of segmeBt-, with the ellipse (Fig2.5).

OAA

Z

Fig. 2.5

Then BF; + BF, = BF1 + BA+ AF, > AF; + AF, =C.

By analogy with the definition of a tangent to a circle, we define the concept
of a tangent to an ellipse.

A tangentto an ellipse is a line that has exactly one common point with the
ellipse (Fig 2.6).

a

Fig. 2.6
Theorem. Let pointA belong to the ellipse with fodt F . Then th
passing through poit and containing the bisector of the angle supplementary to
angleF AF I s tangent to the ellipse.
Proof. On the extension of segmdfdA, lay off segmenAF' equal toAF;

(Fig. 2.7).

TriangleAF;F' is isoscelesAF; = AF'). Consequently, the linecontaining
the bisector of anglE,AF' is the perpendicular bisector of segmEsf'. For any
point B on line a other thanA, the equalityBF, = BF' holds. Using the triangle
inequality, we obtain:

BF BF,=BFi1+BF >F,F =F,A+AF,=cC.
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Hence, poinB does not belong to the ellipse. Therefore, hrfeas exactly
one common point with the ellipse, i.e., it is a tangent.

Fig. 2.7

A tangent to an ellipse passing through a given point can be constructed in
GeoGebra. For this, use the "Tangents" tool, specifying the point and the ellipse

(Fig. 2.8).
6
a)

Fig. 2.8

One of the remarkable properties of the ellipse is the following optical
property.

Optical property. If a light source is placed at one focus of the ellipse, then
the rays reflected off the ellipse will pass through the other focusZBj)g

Fig. 2.9

Proof. Let angles 1 and 2 be formed by segmé&nfs FA and the tangent
a passing through poi (Fig. 2.9). Let angle 3 be vertical to angle 1. Since the
tangent contains the bisector of the angle supplementary toaAdte angles 2
and 3 are equal. Consequently, angles 1 and 2 are equal. Suppose a ray of ligh
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emanates from focus; and reflects off the ellipse at poiAt Since the angle of

incidence equals the angle of reflection, the reflected ray will travel alongHfine
and pass through foc#s.

Exercises
1. Draw an ellipse with given foci and constant 6 (Fig 2.10).

Fig. 2.10 Fig. 2.11

2.  Construct an ellipse using the computer program GeoGebra.

3.  Prove that for pointé located in the interior region of the ellipse, the
sum of the distances to the foci is less than the constdrthis ellipse.

4.  For given fociFi, F, of an ellipse and a tangeatfind the point of
tangency (Fig2.11).

5. For given fociF F of an ellipse draw t
passing through a given poiAton the ellipse (Fig2.12).

f
'-tjl

=T
s |

Fig. 2.12 Fig. 2.13
6. For given fociFi, F, and constant of an ellipse draw the tangent to
the ellipse passing through a given p@mbcated in the exterior region (Fig.13).
7. How many tangents to an ellipse can be drawn through a point: a)
belonging to the ellipse; b) located in the exterior region; c) located in the interior
region?

8.  Fortwo given point®\ A on the et andegsfecus c on
find the position of the second focus (F2gl4).
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Fig. 2.14 Fig. 2.15
. For given fociF,, F; of an ellipse and a tangeafind the constant
of thls ellipse (Fig2.15).
10. For a given focu$; of an ellipse, constam tangent, and point of
tangencyA find the position of the second focus (F2916).

F, 7
/ /
Fig. 2.16 Fig. 2.17

11. For a given focu$; of an ellipse, constam tangentb, and pointA
on the ellipse not lying on this tangent find the position of the second focus (Fig
2.17).

12. For given point#A andB, describe the locus of vertic€of triangles
ABCwhose perimeter is 4 (Fig.18).

Fig. 2.18
13. Describe the locus of points equidistant from a given circle and a given

point P located inside this circle and distinct from its center .(EidQ).
17



Fig. 2.19 Fig. 2.20

14. Describe the locus of centers of circles that are tangent to a given circle
and pass through a poiRtlocated inside this circle and distinct from its center
(Fig. 2.19).

15. Describe the locus of points equidistant from two given circles, one of
which lies inside the other (Fig.20).

16. One circle lies inside another circle. Describe the locus of centers of
circles that are externally tangent to the inner circle and internally tangent to the
outer circle (Fig2.20).

17. Describe the locus of centers of circles that are internally tangent to
two circles, one of which lies inside the other (2g0).

18. Given an ellipsewith foci F;, F,. Tangentsy anda, are drawn from
point A. Prove that the angles under which the segm@Aisand AA; of the
tangents are viewed from the focus of étigpseare equa(te d. £)21).

Fig. 2.21

19. Given an ellipse with fodFi, F,. Tangents; anda, are drawn from
point A. Let A;, A, be the correspondingpints of tangencyProve that the angles
Fi.AA andF,AA; are equal(te d. ) 22).




20. Givenanellipsewith foci F;, F, andthe constantc, F;F, = d. Prove
that the locus of point& from which the ellipse is seen at a right angle (the angle
between the tangengs, a, drawn from pointA) is a circle with cente© of the
ellipseO (tc d. £ 23).Find the radiuR of this circle.

21. Given an ellipse with fodr;, F,. Tangents; anda, are drawn from
pointA. Through poinB on the ellipse, located inside the an@lda,, tangenb is
drawn.B; andB; are its intersection points with tangeaisanda,, respectively
(Fig. 2.2).

Fig. 2.24

Prove that thealuesof theangles B;F1B,, B;F.B, under which the segment
B.1B; of the tangenb is viewed from the focof theellipseareindependent of the
position of pointB and” 6 060 “ 000 pYIIO O0 ~ O 6O

pyglJd
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3. Hyperbola
Let us fix pointsF;, F, on the plane. Ayperbolais the set of all points on
the plane for which the absolute difference of the distances to the givenpgints
F, is equal to a given positive number c, which is less than the distance between
these points. The,, F, themselves are called thai of the hyperbola (Fig. 3.1).

A hyperbola consists of two separate curves, which are called branches. For

their points, one of the following equalities holds:
AF11T AF,=c, AR, T AF =cC.

The pointsG;, G, on the two branches of a hyperbola that are closest to each
other are called theertices

The segment with endpoints at the vertices of a hyperbola is callethjbe
axis.

The midpointO of themajoraxis is called theenterof the hyperbola.

The segmenitl;H; is called thaminor axis.

The linesby,b, are called the asymptotes of a hyperbola.

The name «hyperbola» was introduced by Apollonius of Pérgaames
from the ancient Greek U} b@hyep er bol U)«exceshi ch mean

To dbtain a hyperbola, you can use the GeoGebra computer program.

For exampleputc = 2.

Using the "Point" tool, mark points;, F, such that the distance between
them is4.

Using the "Slider" tool, create a slidethat varies from 3 to 6.

Using the "Circle with Center and Radius" tool, construct a circle with center
F, and radius, and a circle with centé, and radiua i c.

Using the "Intersect” tool, find the intersection points of the constructed
circles.

In the properties of the obtained points, select Thace Ofi option.

When changing the slider value, the obtained points will leave a trace in the
form of a branch of the hyperbola (Fig. 3.2).

20



Fig. 3.2

The other branch of the hyperbola is obtained in a similar manner.

Let s demonstrat e a hyparbbl@n thewe@anputet o
program GeoGebra.

Set ¢ = 2. Using the "Point" tool, mark points,, F, such that the distance
between them i4.

Using the "Circle withcenter andadius” tool, construct a circleith center
F. and radiug. Label itd.

Mark a pointD on lined.

Draw aray F1D. Label ith.

Using the "Perpendicular Bisector" tool, draw the perpendicular bisactor
of segment;D.

Using the "Intersect" tool, find the intersection poibf the constructed
linesb d a.

For this point A thefollowing equalitywill hold: AF; T AF; = c.

As pointD moves alongircle d, this pointA will leave a trace in the shape
of abranch of the hyperbolgig. 3.3).

Fig. 3.3

In this program, a hyperbola can also be obtained using the "Hyperbola" tool.
To do this, select the "Hyperbola" tool. Indicate poktd, and some point
A
A hyperbola with fociFi, F, passing through poimA will appear on the
screen (Fig. 3).
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Fig. 3.4

Mark some poinA on the hyperbola. Using the "Distance or Length" tool,
measure the distances from this point to the facF,. By moving pointA along
the hyperbola, one can verify that the difference of these distances does not change

Each branch of the hyperbola with fégi F, and constant divides the plane
into two regions. One of these regions contains the focus of the hyperbola. We will
call this region the interior, and the other the exterior relative to this branch of the
hyperbola.

In Figure 35, the interior part corresponding to fodtsof the hyperbola is
shaded.

Fig. 3.5

By analogy with the definition of a tangent to a parabola, we define the
concept of a tangent to a hyperbola.

A tangentto a hyperbola with fodF;, F, and constant is a line that has
exactly one common point with the hyperbola, while all its other points lie in the
exterior region.

Theorem.Let pointA belong to the hyperbola with foEi, F.. Then the line
passing through poimk and containing the bisector of andi@AF, is tangent to

this hyperbola.
Proof. Consider a poinA on the branch of the hyperbola corresponding to
focusF,. On segmernit;A, mark segmemF' equal toAF; (Fig. 36).
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Fig. 3.6

TriangleAFR,F' is isoscelesAF, = AF'). Consequently, the lireecontaining
the bisector of angle,AF' is the perpendicular bisector of segmEsf'. For an
arbitrary pointB on linea, different fromA, the equalityBF, = BF' holds. We use
the triangle inequality. We obtain

BF.1T BF,=BF,T BF <F,F'=F:AT AR, =c.

Thus, poinB does not belong to the hyperbola. Therefore,dinas exactly
one common point with the hyperbolagj, it is a tangent.

A tangent to a hyperbola passing through a given point can be obtained in
the GeoGebra program. To do this, use the "Tangents" tool, specifying the point
and the hyperbola (Fig. 3.

a) i b)
Fig. 3.7

One of the remarkable properties of the hyperbola is the following optical
property.
Optical property. If a light source is placed at one focus of the hyperbola,

the rays, after reflecting off the hyperbola, will appear to emanate from the other
focus (Fig. 3).

Fig. 3.8
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Proof. Denote by 1 and 2 the angles formed by the segnieAid-,A and
the tangent passing through poim\ of the hyperbola. Denote by 3 the angle
vertical to angle 2. Since the tangent contains the bisector offaAdte angles 1
and 2 are equal. Consequently, angles 1 and 3 are equal. Suppose a light ra
emerges from focuis; and reflects off the hyperbola at po#tSince the angle of

incidence equals the angle of reflection, the reflected ray will travel alongkne
as if it originated from focuB..

Exercises
1. Draw a hyperbola with given foci and constarfFig. 39).

Fig. 3.9 Fig. 3.10

2.  Obtain a hyperbola using the GeoGebra computer program.

3.  Prove that for point8 located in the exterior region of a hyperbola
branch with fociF,, F,, the inequalityBF;, 1 BF;| <c holds.

4.  For given fociFi, F, of a hyperbola and a tangent lidefind the
constant and the point of tangency (Fig18).

5.  For given fociF,, F, of a hyperbolaraw the tangent to the hyperbola
passing through a given point on the hyperbola (Fid.)3.1

A B
. L
F1- th F1- tF?

Fig. 3.11 Fig. 3.12
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6.  For given fociF;, F, and constant of a hyperboladraw the tangent
to the hyperbola passing through a given pBiluicated in the exterior region (Fig.
3.12).

7. How many tangents to a hyperbola can be drawn through a point: a)
belonging to the hyperbola; b) located in the exterior region; c) located in the
interior region?

8.  For two given point#\;, A, on the hyperbola, the constantand one
focusF; find the position of the second focus (Fig.3.1

Fig. 3.13 Fig. 3.14

9. For a given focu$; of a hyperbola, the constanita tangent line,
and the point of tangen&yfind the position of the second focus (Fig.4.1
10. For a given focu$; of a hyperbola, the constanita tangent lind,

and a pointA on the hyperbola not lying on this tangent find the position of the
second focus (Fig. 3L

Fig. 3.15 Fig. 3.16

11. For a given focu$; of a hyperbola, the constagitand two tangent
linesay, a; (Fig. 3.16) construct the second focus of this hyperbola.

12. Describe the locus of points equidistant from a given circle and a given
point P located outside this circle (Fig. )1
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Fig. 3.17 Fig. 3.18

13. Describe the locus of centers of circles that are externally tangent to a
given circle and pass through a pdiibcated outside this circle (Fig. 3)1

14. Describe the locus of centers of circles that are internally tangent to a
given circle and pass through a pdiibcated outside this circle (Fig. 3)1

15. Describe the locus of centers of circles that are externally tangent to
two given circles (Fig. 39).

16. Describe the locus of centers of circles that are internally tangent to
two given circles (Fig. 39).

17. Given ahypebolawith foci F;, F,. Tangents; anda, are drawn from
point A. Prove that the angles under which the segm@Aisand AA; of the

tangents are viewed from the focus of tiyperbolaare equa(Fig. 3.19.

Fig. 3.19
18. Given ahyperbolawith foci F1, F.. Tangentsy anda, are drawn from
point A. Let A;, A; be the correspondingpints of tangencyProve that the angles

F.AA andF,AA; are equal(te d. 8)20.

Fig. 3.20



19. Given ahyperbolawith foci F;, F, and the constard, F1F, = d. Prove
that the locus of point, for which the tangents to the hyperbola are perpendicular,
is a circle with cente®, excluding the points belonging to the asymptotes of this
hyperbola(ts d. 8)21). Find the radius of this circle.

Fig. 3.21

20. Given ahyperbolawith foci F3, F,. Tangentsy anda, are drawn from
point A. Through poinB on thehyperbolalocated inside the angéeAa, tangent
bis drawn.B; andB; are its intersection points with tangeat@nday, respectively
(Fig. 3.22). Prove that thevaluesof the angles B,F1B,, B:F2B, under which the
segmentB;B, of the tangentb is viewed from the foc of the hyperbolaare
independent of the position of poland" 6 '06 "0 60 p Y &J
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4. Famous named curves

Here we willconsideiseveral examples édmous namedurves obtained as
geometric loci.

1. Conchoid of NicomedesDraw a linec and a poinP at a distance from
this line. Choose any poion linec. Draw linePC. On this line, markpointsA,
B such thaAC = BC =1.

The conchoid of Nicomedes is the locus of poktndB corresponding to
all possible point€ on linec (Fig. 4.1).

=N

Fig. 4.1
If I <d, the conchoid of Nicomedes has the shape shown in Figure 4.2.

Fig. 4.2
If I =d, the conchoid of Nicomedes has the shape shown in Figure 4.3.

Fig. 4.3
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If I >d, the conchoid of Nicomedes has the shape shown in Figure 4.4.

B

Fig. 4.4

2. Pascab s sDmaavia tirclec with centerO and radiusR. Fix a pointP
on it. Choose any poir@ on this circle. Draw lin€’C. On this line, markointsA,
B such thatAC = BC = |. The Pascaél s gsntleilocus of point®\ and B
corresponding to all possible poir@n circlec (Fig. 4.5).

Fig. 4.5

If | <d, the Pascéls $as thé dhape shown in Figure 4.6.

B

O;

Fig. 4.6



If | =d, the Pascél s $as thé dhape shown in Figure 4.7.

Fig. 4.7
If | >d, the Pascéls $as thé dhape shown in Figure 4.8.

fer

Fig. 4.8
3. Strophoid of Torricelli . Draw a linec and a poinP at a distance from
this line. From poinP, draw a perpendiculd&Q to linec. Choose any poirn€ on
line c. Draw linePC. On this line, mark segmem& = BC = CQ
The strophoid is the locus of poimdsandB corresponding to all possible
pointsC on linec (Fig. 4.9).

Fig. 4.9
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4. Cissoid of DioclesDraw a circle with centeD. Fix a pointP on it. Draw
the diametePQ of this circle. Through poin®, draw a tangent line. From point
P, draw a perpendicul&Qto linec. Choose any poir€ on linec. Draw linePC.
Denote byB its intersection point with the circle. On this line, maknt A such
thatPA = BC

The cissoid of Diocles is the locus of poitsand B corresponding to all
possible point€ on linec (Fig. 4.10).

Fig. 4.10
5. Kappa of Gutschoven Draw a linec. Fix a pointO on it. Choose any
point C on linec. Construct a circle with center at pofdtand radiug. Through
point O, draw tangents to the constructed circle. Denote the points of tangency as
A and
The kappa is the geometric locus of poiAtsand A corresponding to all
possible point€ on linec (Fig. 4.11).

Fig. 4.11
6. Lemniscate of Bernoulli. Fix points F aFn d The | emni
Bernoulli is the geometric locus of poimisin the plane for which the product of
the distances\F #ARd equal s the square ofFhalf
andF . The pe&ndt 8 e ms el vfecis(Figa4.12).Denaté hyae d
half the distance between poirks andF . Then pointsA of the lemniscate of
Bernoulli satisfy the equationO >0 ® 8

31



Fig. 4.12
7. Circle of Apollonius. Fix pointsA andB. The circle of Apollonius is the
geometric locus of pointS for which the ratio of the distanc&€A andCB equals
a given positive numbeb p. Figure 4.13 shows the circle of Apollonius for
whichc = 2.

Fig. 4.13
8. Maclaurin Trisectrix. Fix pointsA andB. Draw lineAB. Rotate lineAB
around pointA by an angle counterclockwise. Denote the resulting lineaas
Rotate lineAB around pointB by an angle Bcounterclockwise. Denote the
resulting line a® (Fig. 4.14)

Fig. 4.14
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The Maclaurin trisectrix is the geometric locus of polD&t the intersection
of linesa andb, corresponding to all possible values of the ahgle

9. Versiera of Agnesi Draw a circle with cente© and diametePQ.
Through pointd? andQ, draw tangentp andq respectively. Mark a poim on
diameterPQ. Through it, draw a lin@ perpendicular to this diameter. Denote by
B B the intersection points ®&B PBhi s

Denote byC C their intersection points wi
Q. ThroughpointC ¢ , draw |l ines perpendiA&ul ar
A t heir i nt er s eacTheversierapf dgnesitistheweomdtric | 1 1

locus of pointsA A correspondi ng AbnddiamaetePQ (Bigp s s i
4.15).

Cy Q G, q
AE Bﬂ A B_]_ A]_ i
o
P
D, P D
Fig. 4.15

Thepedal curveof a given curve is the locus of the feet of the perpendiculars
drawn from a fixed point to the tangents of that curve.

10. Letés monstruct the pedal curve of the given circle with respect to the
given pointA, located outside the circle (Fig4.16).

Fig. 4.16 Fig. 4.17

Figure 4.17 shows the tangetuts ..., bs, the points of tangendy, ..., Bs,
the feet of the perpendiculats, ...,Cs dropped onto these tangents, and the curve
passing through these feet.

The construction of this curve can be carried out in the computer program
GeoGebra. Specifically, using the "Circle with center and radius" tool, we construct
a circle with cente© and radiu. Using the "Point" tool, we mark poiAtat a
distance of3 from centerO. We mark poinB on the circle. Using the "Tangent"
tool, we draw a tangent to the circle through pBirtising the "Perpendicular line"
tool, we draw a line through poi# perpendicular to this tangent. Using the
"Intersect” tool, we construct poid, the intersection of the tangent line and the
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line perpendicular to it. In the properties of po@itwe select theTrace On
option. By moving poinB along the circle, poin€ moves and leaves a trace in the
form of the desirepedal curvegFig. 4.18).

C

Fig. 4.18 Fig. 4.19

Prove that this curve isRascal snailLet's consider a circle with diameter
DE = 2l and cente©O (Fig. 4.19. Draw tangents to it at diametrically opposite
points® hS . From pointA, drop perpendicular86 M6 to these tangents. Let
Obe the intersection point of ling@ 0 with the circle having diametekO. The
quadrilateral® 6 0 ‘Oand06 6 Oare rectangles. ConsequentBy ‘00 a
Hence, point® S lie on the limagon of Pascal.

11.Constructhe pedal curvef the givenparabola with respect tbhegiven
point A located on the directrifFig. 4.20)

L ]

A

Fig. 4.20 Fig. 4.21

Figure 421 shows the tangents, ..., bs, the points of tangendsy, ..., Bs,
the feet of the perpendiculats, ...,Cs dropped onto these tangents, and the curve
passing through these feet.

The construction of this curve can be carried out in the computer program
GeoGebraDraw a lined and mark a poirft at a distance dt from this line. Using
the "Perpendicular line" tool, draw a line through pé&itthefocusof the parabola)
perpendicular to the directrix. Using the "Intersect” tool, find their intersection
point A. Using the "Parabola” tool, construct a parabola with fécasd directrix
d. Mark a pointB on the parabola. Using the "Tangent" tool, draw a tangent to the
parabola through poif. Using the "Perpendicular line" tool, draw a line through
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point A perpendicular to this tangent. Using the "Intersect" tool, construct @pint

the intersection of the tangent and the line perpendicular to it. In the properties of
pointC, select theTrace OA option. By moving poinB along the parabola, point

C moves and leaves a trace in the form of the desued (Fig. 4.22).

Fig. 4.22

Prove that this curve issirophoid Let pointsé i belong to the strophoid
with vertex at the verteR of the parabol#@Fig. 4.23) ThenPCis the midsegment
of triangle AFD. Hence, it is parallel t&D, and” 6 00" 6 6 DSince angle
0 ‘@ is equal to half of angl&ACP, the line'O0 contains the angle bisector of
" 0 O’@onsequently, itis tangent to the parabola, and poirglongs to thpedal
curveof the parabola. The lin®b contains the bisector of the angle adjacent to
" 0 'O ®lence, it is also a tangent, and painbelongs to thgedal curveof the
parabola.

Exercises

1. Obtain the conchoid of Nicomedes using GeoGebra. Use=a) [ =1
b)d=1=2;c)d=2,1=3.

2. Obtain the Pascals si9ing GeloGebra. Use: R= 1,1 = 1; b)R=1,
|=2;c)R=1,1=3.

Obtain the strophoid using GeoGebra.

Obtain the cissoid of Diocles using GeoGebra.

Obtain the kappa curve using GeoGebra.

Obtain the lemniscate of Bernoulli using GeoGebisea = 2.
Obtain the circle of Apollonius using GeoGebra.

Obtain the Maclaurin trisectrix using GeoGebra.

Obtain theversieraof Agnesi using GeoGebra.

10 Consider a circle with cent@rand diameteAB (Fig. 4.24).PointP lies
on the diameteAB and is distinct from the cent€@. Draw a chordAC through
pointA. Draw a linec through pointC that is perpendicular to the lid. Draw a
line d through pointP that is parallel to the lindC. Let D be the point of
intersection of lineg andd. The locus of all such poinf3, corresponding to all
possible positions of poir, is calledCramer's curve lllustrate this curve on

graph paper or in the computer program GeoGebra.
35
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Fig. 4.24
11.Prove that the Maclaurin trisectrix is a special case of the Cramer curve
for whichAP = OP (Fig. 4.24)
12. Prove that thé&trophoidis a special case of the Cramer curve for which
the pointO coincides with the centét of the circle (Fig. 4.25)

Fig. 4.25
13. Construct the pedal curve of the given circle with respect to the given
pointA, locatedonthe circle (Fig4.26). Obtain ths curveusing GeoGebrd&rove
that this curve is a Pascal snail.

Fig. 4.26
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14. Construct the pedal curve of the given circle with respect to the given
point A, locatedinside the circle (Fig4.27). Obtain ths curveusing GeoGebra.
Prove that this curve is a Pascal snail.

Fig. 4.27
15. Constructhe pedal curvef the givenparabola with respect tbhegiven
point A located on thexis of the parabolafor which the distance to the focus is
greater than the distance to the direcfifitxg. 4.28) Obtain ths curve using
GeoGebraProve that this curve is@ramer's curve

d

B

76N

Fig. 4.28
16. Constructhe pedal curvef the givenparabola with respect thegiven
point A locatedat the vertex of the parabofkig. 4.2). Obtain ths curveusing
GeoGebraProve that this curve is@ssoid of Diocles




17. Constructhe pedal curvef the givenparabola with respect thegiven
point A locatedat thefocusof the paraboldFig. 430). Obtain ths curve using
GeoGebraProve that this curve issdraight line.

F A
o

Fig. 4.30

18. Prove thathe pedal curvef agiven ellipsewith foci F;, F; and constant
c with respect tahefocusF; is a circle (Fig. 431). Find its center and radius.

Fig. 4.31
19. Prove that the pedal curve of a givieranch ofhyperbola with fociF,,
F, and constant with respect to the fasF; is acircle (Fig. 432). Find its center
and radius.

Fig. 4.32
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MODULE 2. CURVES AS TRAJECTORUES OF POINTS

5. Cycloid
Consider a circle of radiu® rolling along a straight linea. Let C
be a point fixed on the circle, and at the initial moment it is at
positionA (Fig. 5.1).Let usfind the trajectory othis point

Fig. 5.1
On line a, lay off segmentAB equal to the circumference of the circle,
i.,e., AB = 2°R Divide this segment into 8 equal parts by poiRts ,
A, A... .,
If the circle, rolling along linea, moves to positiorB, it will make
one full revolution, i.e., rotate by 360°, and poi@ will move to

positionB.

If the circle, rolling along linea, moves to positioMA It wi | |
half a full revolution, i. e., rotate by 180°, and poiGt will move to
the topmost positio®

If the circle, rolling along linea, moves to positionA It W

rotate by 45°, and poir@ will move to positionC

Figure 5.1 also shows other positions of the circle.

Connecting the constructed points with a smooth curve, we obtain the curve
shown in Figure 5.1.

The desired trajectory will consist of a periodically repeating section of
the constructed curve.

The curve obtained as the trajectory of a point fixed on a circle rolling
along a straight line is calledcgcloid

Such a curve is described, for example, by a point on the rim of a bicycle
wheel rolling on a flat road.

The name "cycloid" was coined by Galileo Galilei (166842). Translated
from Greek, it means circular, reminiscent of a circle.

A cycloid can be obtained in the GeoGebra computer program. To do this,
follow these steps:

Create a "Slidera, varying fromi 2 to 8.

In the "Input” line, type: O=(a,1) and press "Enter".

Type: A=(a,0) and press "Enter".

Using the "Circle with Center and Radius" tool, construct a circle with

centerO and radius 1.
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Using the "Rotate around Point" tool, rotate ponairound pointO by
anglea radians clockwise. Label the resulting pdiht

Using the "Segment" tool, connect poittandC with a segment.

Right-click on pointC and select the "Trace On" option.

Remove unnecessary labels and change the color.

Right-click on the slider and select "Animate".

The circle will roll along the saxis, and the point fixed on it will trace
a cycloid (Fig. 5.2).

C

Fig. 5.2
Instead of a circle rolling along a straight line, other figures can be
considered.
Consider, for example, an equilateral trianglBC with side length 1,
rolling along lineAB.
Let us determine the trajectory that vertéx of this triangle will
describe.

First, vertexA describes an aré&C of a circle of 1
pointA and radius 1, re@c.hing the topmca
After that, rotation occurs around poidt |, a n dA desaiber fan

arcC B of a circle. Then everything repeats.
Thus, the desired trajectory will consist of two arcs of a unit circle with
radius 1 and an angle of 120° (Fig. 5.3).

N
Cl

A A, A, B

Fig. 5.3
To obtain in GeoGebra the trajectory of a point fixed at the vertex of an
equilateral triangle rolling along a straight line, perform the following
steps sequentially:
Using the "Slider" tool, create a sliddrvarying from 0° to 360°.
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Mark points A(O, 0), B(2, 0) and construct an equilateral triangle with
vertices A and B.

Mark point D(4, 0) and construct an equilateral triangle with vertices B and
D.

Mark point F(6, 0) and construct an equilateral triangle with vertices D and
F.

In the "Input” line, type: If(0° | 120°, Rotate(Polygon(A, B, 3),, B))
and press "Enter".

In the "Input” line, type: 1f(120° 4 240°, Rotate(Polygon(B, D, 3)4 +
120°, D)) and press "Enter".

In the "Input” line, type: If(240° | 360°, Rotate(Polygon(D, F, 3)J +
240°, F)) and press "Enter".

In the "Input” line, type: If(0° |  120°, Rotate(Ajy), B)) and press
"Enter".

In the "Input” line, type: 1f(120° | 240°, Rotate(E; | + 120°, D)) and
press "Enter".

Right-click on the slider and select "Animate". The triangle will roll
along thex-axis, and the point fixed on it will trace a curve (Fig. 5.4).

&
=g}

nT 1 2 3 4

Fig. 5.4

As additional literature dedicated to the cycloid, we recommend the book:
Berman, G. NThe CycloidMoscow: Nauka, 1975.

Exercises

1. Draw the trajectory of a point fixed on a circle of
radius 2 cm rolling along a straight line.

2. Does a cycloid have: a) axes of symmetry; b) a center of symmetry?

3. A circle of radius 2 cm rolls along a straight line. At what distances
from this line will pointsC , C. .bhe | ocated (Fig. 5.1)

4. Do a lab experiment Cut a rectangular strip of thick
cardboard about 120 cm long and a circle of radius 2 cm. Cut a small
notch on the edge of the circle into which you can place the tip of a
pencil. Glue the strip to a sheet of paper and position the circle so
that the cubut notch is on the edge of the strip. Roll the circle
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along the edge of the strip while keeping the pencil tip in the notch.
As a result, you will obtain a cycloid (Fig. 5.5).

Fig. 5.5
5. Obtain a cycloid using the GeoGebra computer program.
6. Draw the curve that point, fixed on the radius of a circle rolling
along a straight line, describes (Fig. 5.6Jhis curve is called a
curtate cycloid

—’.

Fig. 5.6
7. Obtain a curtate cycloid using the GeoGebra computer program.
8. Draw the curve that poirt, fixed on the extension of the radius of
a circle roling along a straight line, describes (Fig. 5.This curve
is called gprolate cycloid

—}.

Fig. 5.7
9. Obtain a prolate cycloid using the GeoGebra computer program.
10. Do a lab experimentsimilar to the previous one, using an
equilateral triangle instead of a circle (Fig. 5.8).
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Fig. 5.8
11. Usingthe GeoGebra computer program, obtain the trajectory of a vertex
of an equilateral triangle rolling along a straight I{freg. 5.4)
12. Draw the trajectory of a vertex of a square rolling along a straight
line (Fig. 5.9).

i
A

Fig. 5.9
13. Do a lab experimentsimilar to the previous one, using a
square instead of a circle (Fig. 5.10).

_—

Fig. 5.10

14. Using the GeoGebra computer program, obtain the trajectory of a vertex
of a square rolling along a straight line.
15. Draw the trajectory of a vertex of a regular hexagon rolling along a
straight line (Fig. 5.11).
—

Fig. 5.11
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16. Do a lab experimentsimilar to the previous one, using a
regular hexagon instead of a circle (Fig. 5.12).

—+

Fig. 5.12
17. Obtain the trajectory of a vertex of a regular hexagon using the
GeoGebra computer program.
18. Given a circle and a poiRtlocated inside it. A poinA moves along the
circle (Fig. 5.13). What trajectory will the midpoiBtof segmenfAP trace?

Fig. 5.13 Fig. 5.14
19. Given a circle and a poift locatedoutside it. A pointA moves along
the circle (Fig. 5.4). What trajectory will the midpoirB of segmeniAP trace?
20. Consider the following problem from the book by Vasiliev N. B.,
Gutenmacher V. L. "Straight Lines and Curvgs'.Nauka, 1978.
A ladderAB, standing on a smooth floor against a wall, slides down. Along
what line does kitteK, sitting in the middle of the ladder, move (Fig. 5.15)7?

B

Fig. 5.15
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6. Epicycloids and Hypocycloids

Let us now consider the case where a circle rolls not along a straight line, but
along another circle on its outer side.

Depending on the ratio of the radii of the fixed and rolling circles, various
curves are obtained. They are cakguicycloids

The curve obtained as the trajectory of a point fixed on a circle rolling
externally along another circle of the same radius is calteddaoid.

Let us construct some points of this curve. Suppose @ifiked on the
circle, is initially at positiorA (Fig. 6.1). Divide the fixed circle into 8 equal parts
by pointsA A , A... .,

If the circle moves to positioA It owi | have made
i.e., it will have rotated by 180°, and poivill move to positionC
If the circle movestopositioh , it wil |l have Awdllt at e

move to positiorC

Figure 6.1 also shows other points of the cardioid corresponding to the
remaining positions of the rolling circle.

Connect the constructed points with a smooth curve. The result is the desired
cardioid.

A cardioid can be obtained using the GeoGebra computer program. To do
this, create a slidqr, varying from 0° to 360°.

In the Input bar, type O=(0,0) and press Enter. This gives @¢it0).

Using the "Circle with Center and Radius" tool, create a circle with cénter
and radius 1.

In the Input bar, type P=(2,0) and press Enter. This gives BEnD).

Using the "Rotate around Point" tool, rotate pélsiround poinO by angle
| counterclockwise. This gives poi€x

Using the "Circle with Center and Radius" tool, create a circle with c@nter
and radius 1.

In the Input bar, type A=(1,0) and press Enter. This gives pgint0).
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Using the "Rotate around Point" tool, rotate péiatround poinO by angle
] counterclockwise. This gives poiBt

Using the "Rotate around Point" tool, rotate p&mstround pointQ by angle
] counterclockwise. This gives poi€t

Using the "Segment" tool, connect poiendC with a segment.

Left-click on pointC and select "Trace On".

Left-click on the slider and select "Animate". As a result, the circle will roll
along the circle with centé&, and pointC will trace a cardioid (Fig. 6.2).

C

7

Fig. 6.2

If the radius of the rolling circle is three times smaller than the radius of the
fixed circle, the curve shown in Figure 6.3 is obtained.

If the radius of the rolling circle is twice the radius of the fixed circle, the
curve shown in Figure 6.4 is obtained.
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N

Fig. 6.4

Instead of a circle rolling along another circle, one can also consider regular
polygons rolling along another regular polygon.

Consider, for example, a regular triangle rolling along an equal regular
triangleABC (Fig. 6.5).

Fig. 6.5

First, vertexC describes an arc of a circle of 240° with centd® and radius
equal to the side of the triangle. As a result of this rotation, @ombves to point
C .

After this, rotation occurs around vertdxand pointC descri bes
a circle of 240° with center &and radius equal to the side of the triangle.

As a result of this rotation, poir@ mo v e s C.tThe pmaess rhen
repeats.

Thus, the desired trajectory consists of two arcs of a circle of 240° with
radius equal to the side of the triangle (Fig. 6.5).
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Now consider the case where a circle rolls along another circle on its inner
side. Depending on the ratio of the radii of the fixed and rolling circles, various
curves are obtained. They are caltsghocycloids

A special case of such a curve is @stroidd the trajectory of a point fixed
on a circle rolling internally along another circle four times larger in radius (Fig.
6.6).

Exercises

1. Draw the trajectory of a point fixed on a circle of radius 2 cm rolling along
a circle of the same radius.

2. Does a cardioid have: a) axes of symmetry; b) a center of symmetry?

3. Perform a laboratory activity. Cut out two circles of radius 2 cm from thick
cardboard. Glue one circle to a sheet of paper, and cut a small notch on the edge
the second circle into which you can place a pencil point. Place the second circle
so that theut notch is on the edge of the first. Roll the second circle along the first
circle while keeping the pencil point in the noté&ts a result, you will obtain a
cardioid (Fig. 6.7).

/ N\ \
|I & |
II.\"-. .-"-:II II.I\‘.. .r':-l
“\\ & g \\\ /(
Fig. 6.7

4. Obtain a cardioid using the GeoGebra computer program.
5. Prove that the cardioid is a special case of the limagon of Pascal.
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6. Draw the curve that poir@, fixed on the radius of a circle rolling along
another circle of the same radius, will trace (Fig. 6.8). This curve is catlatibae
cardioid.

cC
| | = * | A
™, 4 ..l‘\_‘_ d
Fig. 6.8

7. Obtain the curtate cardioid using the GeoGebra computer program.

8. Prove that theurtatecardioid is a special case of the limacon of Pascal.

9. Draw the curve that poili, fixed on the extension of the radius of a circle
rolling along another circle of the same radius, will trace (Fig. B8k curve is
called aprolate cardioid

Fig. 6.9

10. Obtain the prolate cardioid using the GeoGebra computer program.

11.Prove that th@rolatecardioid is a special case of the limagon of Pascal.

12.Using the GeoGebra computer program, obtain the curve traced by a
point fixed on a circle of radius 1 cm rolling externally along a circle of radius 3
cm.

13.Draw the curve that point, fixed on a circle of radius 2 cm rolling
externally along another circle of radius 5 cm, will tra@btain this curve using
the GeoGebra computer program.

14.Obtain an astroid using the GeoGebra computer program.

15.Draw the curve that point, fixed on a circle of radius 1 cm rolling
internally along another circle of radius 3 cm, will trace. It is callSteamer curve
Obtain it using the GeoGebra computer program.

16.Draw the curve that point, fixed on a circle of radius 2 cm rolling
internally along another circle of radius 5 cm, will tra€btain it using the
GeoGebra computer program.

17.Draw the curve that point, fixed on a circle of radius 2 cm rolling
internally along another circle of radii€m, will trace(Fig. 6.10) Obtain it using
the GeoGebra computer programbetermine what this curve isProve it.
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Fig. 6.10
18.Prove that the trajectory of a point fixed on a circle of radius R, rolling
internally along a given circle with center O and radius 1 (R > 1), coincides with

the trajectory of a point fixed on a circle of radiug R, rolling externally along
the same gien circle.

Fig. 6.11

19.Perform a laboratory activity. Cut out two equal regular triangles from
thick cardboard. Glue one triangle to a sheet of paper, and cut a small notch neat
the vertex of the second triangle into which you can place a pencil point. Place the
second trianglen the side of the first so that the cut notch is at the vertex of the
first. Rotate the second triangle around the vertex of the first while keeping the

pencil point in the notch. As a result, you will obtain the desired trajectory (Fig.
6.12).

Fig. 6.12

20.Draw the trajectory of the vertex of a square rolling along another square
(Fig. 6.13).
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Fig. 6.13

21.Perform a laboratory activity similar to the previous one, using squares
instead of triangles (Fid.14).

A c
&
4 D
Fig. 6.14

22.Draw the trajectory of the vertex of a regular hexagon rolling along an
equal regular hexagon (Fig. 6)1

Fig. 6.15

23.Perform a laboratory activity similar to the previous one, using regular
hexagons instead of squares (Fig6§.1
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Fig. 6.16

24. A unit regular triangle rolls inside a unit square (Fig.7%.Draw the
trajectory of a vertex of this triangle.

N

Fig. 6.17

25. A unit square rolls inside a unit regular hexagon (Fig8)6.Draw the
trajectory of a vertex of this square.

-

Fig. 6.18
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7. Envelopes

Let's consider another method of forming curves, using the concept of an
envelope.

A curve is called aenvelopeof a family of lines if each line of this family
Is tangent to this curve, and each point of this curve is the point of tangency of one
of the lines of this family.

For example, a circle centered at the origin with radius 1 can be considered
as the envelope of a family of lines obtained by all possible rotations of the line
= 1 about the origin.

To model this family of lines in the GeoGebra computer program, mark point
0O(0, 0) and draw the line= 1. Create a sliddy varying from 0 taga. Using the
"Rotate around Point" tool, rotate the constructed line around @doyt anglet
counterclockwise. In the properties of this line, select the "Show trace" option. By
changing the slider value from O¢a, we obtain the desired family of lines, whose
envelope is this circle (Fig. 7.1).

Fig. 7.1
Let us give other examples of curves that are envelopes of families of lines.
Parabola. As shown in section 1, the perpendicular bisectorsf the
segment$D connecting the focus of the parabola with poinf3 on the directrix
d are tangents to the parabola. Consequently, the parabola with Foansd
directrix d is the envelope of the family of perpendicular bisectors of all possible
segments connecting poiRtwith points on the linel (Fig. 7.2).

53



To model this family of lines, we use the GeoGebra computer program.

Create a slidea (0 <a < 5). Draw the liney = 0 and mark poinE(O, a).
Mark pointD on lined. Draw segmenED. Construct its perpendicular bisector. In
the properties of this perpendicular bisector, select Tmacé Ofi option. By
moving pointD along lined, we obtain the desired family of perpendicular
bisectors of segmenfED. The envelope of this family will be a parabola with focus
F and directrixd (Fig. 7.3).

Fig. 7.3

2. Ellipse.Consider a circle centered at polnt . Mar & ai poi deé

distinct from pointF . As shown in sectionco?, t
segmentd$- D connecting poinE wi t hD op this airdlesare tangents to an
ellipse whose foci are points &and(Fi g. 7. 4) . Consequ

foci F &ndi s the envelope of the family
segments connectingpoiit wi t h points on the cons

Fig. 7.4

To model this family of lines, we use the GeoGebra computer program.
Draw a circle withcentesf ( 0, O0) Ra b Createaadlidaa(® <a
< R). Mark pointF & 0) inside the circle. Mark poird on this circle. Draw
segmentF D. Construct the perpendicular bisector of segmiém. In the
properties of this perpendicular bisector, select Trace Ofi option. By moving
pointD along the circle, we obtain the desired family of perpendicular bisectors of
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segmentd- D. The envelope of this family will be an ellipse with féci &n d
(Fig. 7.5).

3. Hyperbola. Consider a circle with center at polit and RmMarkl i u s
a pointF outside it. As shown in sefcti c
segmentd- D connecting poinf wi t hD op this cirtlesare tangents to a
hyperbola whose fociare poitls &nd( Fi g. 7.6). Conseq
with foci F &dndis the envelope of the f ami
possible segments connecting pdint wi t ID omptleeiconsidered circle.

Fig. 7.6

To model this family of lines, we use the GeoGebra computer program.

Draw a circle withcentedf ( 0, 0 ) Ra b Qreateadlida(R<a
< 2). Mark pointF &, 0) outside the circle. Mark poif@ on this circle. Draw
segmentF D. Construct the perpendicular bisector of segmeém. In the
properties of this perpendicular bisector, select Trace OA option. By moving
pointD along the circle, we obtain the desired family of perpendicular bisectors of
segment$ D. The envelope of this family will be a hyperbola with f6ci & n d
(Fig. 7.7).
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Fig. 7.7

4. Cycloid.Let us define the tangent to a cycloid at its p@ias the limiting
position of the secant lin€D as pointD on the cycloid approaches poidt(Fig.
7.8).

Bcd

0 A
Fig. 7.8

Let us show that the tangent to the cycloid at pGiigt perpendicular to the
segment connecting this point with poftwhere the given circle touches the line
a along which the circle rolls.

We use the fact that the trajectory of the vertex of a regular polygon rolling
along linea consists of circular arcs whose centers lie ondinand the tangents
to these arcs are perpendicular to the radii drawn to the points of tangency.
Considering that a circle rolling along a line can be approximated by regular
polygons inscribed in this circle, we obtain that the tangents to the cyclolthwd
this property.

If the central angl&PC, through which the rolling circle has turned, equals
t, then the tangemtat pointC forms an angle with the diamet&B equal to-. If

the radius of the rolling circle is 1, then the magnitude of the central ARgle
measured in radians, equals the length of the segd#eoter which the circle has
rolled. Consequently, the cycloid is the envelope of a family of lines, each obtained

by rotating lineAB around poinB by angle- clockwise.

To model this family of lines, we use the GeoGebra computer program.

Draw a linea given by the equatiog = 0. Mark pointO(0, 0) on it. At a
distance of 2 from this line, draw a libgarallel to it, given by the equation y = 2.
Create a slidet, varying from 0 taga. On linea, mark pointA such thatOA = t.
Through pointA, draw a line perpendicular to liree Construct poinB as the
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intersection of this line with linb. Rotate the constructed likd3 around poinB
by angle- clockwise. In the properties of this line, select theate Ofi option.

By changing the slider value from 0¢@a, we obtain the desired family of lines,
whose envelope is the cycloid (Fig. 7.9).

:

N

0 A
Fig. 7.9
5. Cardioid. Similarly to the definition of the tangent to the cycloid, we

define the tangent to the cardioid at its p@ras the limiting position of the secant
line CD as pointD on the cardioid approaches poih{Fig. 7.10).

Fig. 7.10

Similarly to what was done for the cycloid, we show that the tangent to the
cardioid at poinC is perpendicular to the segment connecting this point with point
A, where the rolling circle touches the circle along which it rolls. We use the fact
that the trajectory of the vertex of a regular polygon rolling along an equal regular
polygon consists of circular arcs, and the tangents to these arcs are perpendicula
to the radii drawn to the points of tangency. Considering that circles can be
approximated by gular polygons inscribed in these circles, we obtain that the
tangents to the cardioid will have this property.

If the anglePOQ, through which the rolling circle has turned, equateen

the tangent at pointC forms an angle with linB equal to-. From this it follows
that the cardioid is the envelope of a family of lines, each obtained by rotating line
AB around poinB by angle- counterclockwise.

To model this family of lines, we use the GeoGebra computer program.
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Construct circles with cent&(0, 0) and radii 1 and 3. Using the "Slider"
tool, create a slidet varying from 0 taga. Mark pointD(3, 0). Rotate it around
point O by anglet counterclockwise. Denote the resulting pdntDraw lineOB.

Rotate it around poinB by angle- counterclockwise. In the properties of the

resulting line, select thél'tace Of option. By changing the slider value from O to

CA, we obtain the desired family of lines, whose envelope is the cardioid (Fig.
7.11).

A A
A el AP
MWW —rs i sw i

6. Astroid. Define the tangent to the astroid at its pdinas the limiting
position of the secant lin€D as pointD on the astroid approaches po@\(Fig.
7.12).

As for the cardioid, the tangeato the astroid at poir@® is perpendicular to
the segment connecting this point with pdntvhere the rolling circle touches the
circle along which it rolls. If the central angkOQ equalst, then the tangert at
pointC forms an angle with linAB equal to 2 From this it follows that the astroid
is the envelope of a family of lines, each obtained by rotating\iBxa@round point
B by angle 2clockwise.

To model this family of lines, we use the GeoGebra computer program.

Construct circles with centgd(0, 0) and radii 2 and 4. Create a slider
varying from 0 to¢a. Mark pointD(2, 0). Rotate it around poir@ by anglet
counterclockwise. Denote the resulting pddtDraw line OB. Rotate it around
point B by angle 2 clockwise. In the properties of the resulting line, select the
"Trace Ofi option. By changing the slider value from G, we obtain the desired
family of lines, whose envelope is the astroid (Fig. 7.13).
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Fig. 7.13
As additional literature on envelopes, we recommend the book:
Boltyansky, V. GEnvelope-- Moscow: Fizmatlit, 1961.

Exercises

1. Given a pointA and a liné not passing through this point. Fgiven
pointsB on lineb, drawlines c perpendicular to segmeAB (Fig. 7.14). For all
possible positions of poitd on lineb, find the envelope of this family of lines.

b
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Fig. 7.14

2.  Given a circldo with centerO and a poinf located inside this circle,
distinct from the cente®. For given points B on this circle, lines are drawn

perpendicular to segmeAB (Fig. 7.15). For all possible positions of poBibn
this circle, find the envelope of this family of lines.

Fig. 7.15
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3.  Given a circléb with centerO and a poinf located outside this circle.
For pointsB on this circle, linex are drawn perpendicular to segmé (Fig.
7.16). For all possible positions of poBon this circle, find the envelope of this

family of lines.

Fig. 7.16

4. PointC is fixed on a circle rolling along a line. Construct the family
of diametersCD of this circle, one of whose endpoints is this pokind the
envelope of this family (Fig. 7.17).

A B
Fig. 7.17

5. Given a lineaand a poinA belonging to this line. Poird belongs to

line a and is located at a distantet 0 ¢A 8from pointA. Line b passes
through poinB and is perpendicular to liree Line c is obtained by rotating linke

around pointB by angle- clockwise. Construct the family of such linegor t
varying from O toaga. Find the envelope of this family (Fig. 7.18).

Fig. 7.18

6. Given a circle with centéd. PointA belongs to this circle. Poiliis
obtained by rotating poinA around pointO by anglet counterclockwise

T O (A . Linecis obtained by rotating lin®B around pointB by angle-

60



counterclockwise (Fig. 7.19). Construct the family of such liodsr anglest

varying from 0 tagA. Find the envelope of this family.
[

B

Fig. 7.19

7.  Given a circle with centdd. PointA belongs to this circle. Poiltis
obtained by rotating poinA around pointO by anglet counterclockwise
T O (A . Linecis obtained by rotating lin®B around poinB by angle 2
counterclockwise (Fig. 7.20). Construct the family of such lindsr anglest

varying from 0 tagA. Find the envelope of this family.

Fig. 7.20

8. PointCis fixed on a circle of radius 2 rolling externally along another
circle of radius 1. Construct the family of diamet@i3 of the rolling circle, one
of whose endpoints is this poifiind the envelope of this family (Fig. 7.21).
D

Fig. 7.21
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9. PointC is fixed on a unit circle rolling along another unit circle.
Construct the family of diamete@D of the rolling circle, one of whose endpoints
is this point.Find the envelope of this family (Fig. 7.22).

D

Fig. 7.22
10. A point is fixed on a unit circle rolling inside another circle of radius
2. Find the envelope of the family of diameters of the rolling circle, one of whose
endpoints is this point (Fig. 7.23).

Fig. 7.23
11. A point is fixed on a unit circle rolling inside another circle of radius
1.5 times the radius. Find the envelope of the family of diameters of the rolling
circle, one of whose endpoints is this point (Fig. 7.24).

Fig. 7.24
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12. For a given right anglaChb, find the envelope of the family of line
segment#\B of constant lengtk = 8, where the endpoin&andB lie on the sides
a andb of the given angle, respectivellyig. 7.25).

D—l—i—‘—'—t—i—-i.

Fig. 7.25

13. For a givenright angleaOb, find the envelope of the family of line
segment#\B, where the endpoin&andB belong to the sidesandb of the given
angle, respectively, and the sum of the lengths of seg@&nasdOB is constant
and equal t@ = 8 (Fig. 7.8). Prove it for any angle ard> 0.

b

Fig. 7.26

14. For a giverright angleaOb and a poinC located inside it (Fig. 7.27)
find the envelope of the family of segme®B, whose endpoints belong to the
sides of the given angle, and which are visible from poinhder the given angle
"0 6 6 wdBProve it for any angl@Ob and ACB such that G0 @™ 6 6 6

pymJd
b




15. For a gvenright angleaOband a poinC located inside it (Fig. 78
find the envelope of the family of segmeB, whose endpoints belong to the
S|des of the given angle, and which are visible from pﬁ)lunder the glven angle
" 00 0 ¢ m™Prove it for any angl@Ob and ACB such that <00 w” 0 0 0

pymJd
b

'D—l—l—-—i—‘—i—li.

Fig. 7.28
16. For a gvenright angleaOband a poinC located inside it (Fig. 79
find the envelope of the family of segmei, whose endpoints belong to the
sides of the given angle, and which are visible from pOinhder the given angle
"0 66 p ¢ 8Rrove it for any angleOb andACB such that O 0 @” 6 6 6

Pyt

b

'D—.—.—H—.—'I—li.

Fig. 7.29
17. Given a circle with cente® and a pointA on this circle. Find the
envelope of the family of circles passing through pédimivhose centerB lie on
the given circle (Fig. B0).

Fig. 7.30
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18. Given a circle with cente® and a pointA on this circle. For all
possible pointd on this circle, find the envelope of the family of circles with

diametersAB (Fig. 731).
B
A

Fig. 7.31

19. The doors of some buses open inward. Figusg $hows the initial
closed position of door8B, CD and the intermediate positiokiB' and C'D' of
opening doors. Find the envelope of all possible positions of the opening doors.

A B B D r C

Fig. 7.32
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8. Curves ofconstant width
Let us define the concept of the width of a figure. To do this, consider two
parallel lines between which the given figure is located. We will shift them towards
each other until they touch the figure. The distance between the resulting parallel
lines is hewidth of the figurein the direction perpendicular to these lines (Fig.
8.1).

a) b)
Fig. 8.1

For different directions, the width of a figure can be different. An example
of a figure with the same (constant) width in all directions is a circle. Its width
equals its diameter.

Are there curves, different from a circle, that have constant width? It turns
out that there are. An example of such a curve is the curve devised by the French
scientist F. Reuleaux (1829905), called theReuleaux trianglé (Fig. 8.2).

B

A C

\\u’/

Fig. 15.2

To construct it, consider an equilateral trianygCwith sidea. With center
at vertexA and radius, draw ardBC of a circle. Similarly, with centers at vertices
B andC and radius, draw circular arcACandAB. The result is the desired curve,
consisting of three circular arcs. Its width equals the asidé the equilateral
triangle.

Theorem. The perimeter of the Reuleaux triangle equals the circumference
of a circle whose diameter equals the width of the Reuleaux triangle.

Proof. Since the Reuleaux triangle consists of three circular arcs, each of

radiusa and angle-, their total length equalsa
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Note that the Reuleaux triangle can be inscribed in a square whose side
equals the side of this triangle. Moreover, the Reuleaux triangle can rotate inside
the square, constantly touching its sides (Fig. 8.3).

D C

G \F

A E B
Fig. 8.3

This property of the Reuleaux triangle is used for drilling square holes. You
can learn about this and other properties of the Reuleaux triangle on the website
https://etudes.ru

A curve of constant width can also be obtained from an irregular triangle.

Consider three lines intersecting pairwise at po8, C. Denote the sides
of triangleABCasa, b, c, respectively (Fig. 8.4).

Fig. 8.4
On the extension of segmeAB, take poinD . Wi t h c dander
radiusr=AD , draw a circulDar aadk p @oCireacyt |

With center at poin€ and radius<CD r =b, draw a circular arc connecting
pointD andD poilBCtr ay

With center at poinB and radiusBD a=+ r - b, draw a circular arc
connecting poinb andD p oirBAtr ay

With center at poinA and radiusAD a=+r - b - ¢, draw a circular arc
connecting poinb andD p irGAtr ay

With center at poinC and radiusCD  a=t+ r - ¢, draw a circular arc
connecting poinD andD p oirGBtr ay

With center at poinB and radiu€8D r =c, draw a circular arc connecting
pointD a n dD p oinMBtWa gbtain a closed curve (Fig. 8.4).
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Curves of constant width can be obtained not only from triangles but also
from polygons with an odd number of sides.
Figure 8.5 shows such curves for a regular pentagon and a regular heptagon

""-u_._‘_‘_._._,_-""
a)

b)
Fig. 8.5

The British 20 pence coin is made in the shape of a regular Reuleaux
heptagon (Fig. 8.6). The property of constant width allows it to be used in various
vending machines.

Fig. 8.6
Let us consider another method of obtaining a curve of constant width.
Take four lines intersecting pairwise at poiAiB, C, D. Denote the sides
of quadrilateraABCDasa, b, c, d, respectively (Fig. 8.7).

E

Fig. 8.7
On the extension of segmedB, take pointE . Wi t h c &dander
radiusr=AE , draw a circulBEar aadec pooAbmnayt i
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Perform the further construction of the curve of constant width
independently, and find its width. Prove that its length equals the circumference of
a circle with diameter equal to the widilof the curve.

The desired curve is shown in Figure 8.7, wHeie I's a circul
centerD and radius i d, E E iI's a circuCamdradaux €rigi t h
EE I S a circuBandradaup €c+wi d, BE c enst ear ci r
with centerAand radiud +c+ri di a EE I s a circubDand ar
radiusb+c+ri a, EE iI's a circuCandradaub€riaEENh cC €
is a circular arc with centd and radius 1 a. The widthh of the curve equalsr2
+b+ciaid

Exercises
1. Find the angles of the Reuleaux triangle formed by the tangents to the
circular arcs at its vertices (Fig. 8.8).

C

S ——
S —

Fig. 8.8 Fig. 8.9

2. Prove that the curve shown in Figure 8.4 has constant width. Find its
expression in terms @ b, ¢, andr.

3.Prove that the length of the curve shown in Figure 8.4 equals the
circumference of a circle with diameter equal to the widbi the curve.

4. The side of a regular pentagon is 1. Find the width of the corresponding
Reuleaux pentagon (Fig. 8.5, a).

5. Find the angles of the Reuleaux pentagon formed by the tangents to the
circular arcs at its vertices (Fig. 8.9).

6. For the lines shown in Figure 8.10, construct the Reuleaux triangle.
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7. For the lines shown in Figure 8.11, continue the construction of the curve
of constant widthFi nd | thih AB=vaiB& &b CD=c,DE=d EA=¢
BF =r.

8. For the lines shown in Figure &11continue the construction of the curve
of constantwidthF i nd i hidAB=wiBd+MHhCD=c,DA=d BE =r.

s

C

Fig. 8.12
9. The website "Mathematical Etudes" shows that if rollers with a Reuleaux
triangle profile are made, a book will roll on them at a constant height equal to the
width of the Reuleaux triangle (Fig. 8)1

roeemcTewn

JeIam _—
ITL S o -

-

Fig. 8.13

In the GeoGebra computer program, try to model this motion of the Reuleaux
triangle along a straight line (Fig. 8)1

C »

A
Fig. 8.14
10. In the GeoGebra computer program, try to model the motion of the
Reuleaux triangle inside a square so that it touches the sides of this square (Fig
8.3).
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MODULE 3. ANALYTICAL DESCRIPTION OF CURVES

9. Analytical description of astraight line

Let's consider several ways to analytically describe a line on the coordinate
plane.

1. Let's derive the equation of a line passing through a given point
AX, vy ) and perpendicul ar t o
o o, which IS called the  normal vector of
this line (Fig.9.1).

yJL

-

0

Fig. 9.1

A point A(x, y) belongs to this line if and only if the vector
O P whd  isperpendicular tthe vectok ¢fw , i.e., if their dot product
equals zero.

Expanding the dot product using the coordinates of these vectors, we obtain
the equatiom(x’ x )bly¥y ) = 0.

Denotingiax T by c/his equation can be rewritten as

ax+by+c=0.

Thus, the following theorem holds.

Theorem.A line on a plane is given by the equation
ax+by+c=0,
wherea, b, c are some numbers, amg b are not both zero and constitute the
coordinates of the normal vector

If b 0, then by dividing by, the equation of the line is reduced to the form
y=kx+I.

The coefficienk is called theslopeof this line.

Let's clarify its geometric meaning.

Considertwopointy x(y A, Xy ) on t he Ixi n(e€r2). gvhe
yJL

Fig. 9.2
Their coordinates satisfy the line equation, i.e.,
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y k= Ly kx |+
Subtracting the first equality from the second yiggd§ vy  k&x 1T x ) .
Consequently, ) )
. W W
Q < :
W W
Thus, the slop& equals the tangent of the anglehat this line makes with
the x-axis.
A line passing through a given point with a given normal vector can be
obtained in the GeoGebra software.do this:
1 Mark a point using the "Point" tool;
1 Construct a vector using the "Vector" tool,
1 Select the "Perpendicular Line" tool and defitk on the point and the

vector. The desired line will appear on the screen. Its equation will appear on the
left side of the screen (Fig.3).

Fig. 9.3

2. Let's derive the equation of a line passing through a given foiity )
parallel to a given vectai afiQ or containing it (Fig9.4). This vector is called
thedirection vectorof this line.

y.ﬂ.
m
P
A
Ay
] -
0 x
Fig. 9.4

Note that the dot product of vectods (5Q and & Ch @ equals zero.

Therefore, vectobis perpendicular to vectdm, meaning it is a normal vector of
this line.

The desired equation of the line will be
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dxix Jcyry ) = 0.
Thus, the following theorem holds.
Theorem. A line passing through poiri X( y ) with a givVve
vectorde aiQ is given by the equation
dxix Jcyry ) = 0.
The resulting equation can be written as a se@vddr determinant equal to
zero o
W 0w w w
@ Q e
Theorem. A line passing through apoidt X'y ) wi th a gi ve
vectordp aiQ is given by the equation
dxix )J)cyry ) = 0.
The resulting equation can be written as a se@vddr determinant equal to
zero. .
W 0w w w
@ Q e
A line passing through a given point with a given direction vector can be
obtained using the computer program GeoGebra. To do this, select the "Parallel
Line" tool and, with the left mouse button, specify the point and the vector. As a
result, the desirelihe will appear on the screen. Its equation will appear on the left
side of the screen (Fi§.5).

Fig. 9.5

3. Let us derive the equation of a line passing through two paAintéy ) ,
AXy ) 88

Vi

2Y
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In this case, the vect@p &0 ®ho & can be taken as the direction
vector. Letustakepoit X'y ) as A hdédepowingti ng to t hi
the coordinates of the direction vector and pé&int i nt o t he equa
passing through a given point with a given direction vector, we obtain the equation
of a line passing through two points:

Thus, the following theorem holds.

Theorem.A line passing throughpoins x(y A,XYy ) 1 s gi ver
equation

The resulting equation can be written as a se@vddr determinant equal to
zero. L o

W W oW W

A line passing through two given points can be obtained in the computer
program GeoGebra. To do this, select the "Line" tool and, with the left mouse
button, specify two points. As a result, the desired line will appear on the screen.
Its equation will appar on the left side of the screen (Fg).

L

Fig. 9.7

4. Let us present another way of defining a line that intersects the coordinate
axes (Fig9.8) at pointsA(a, 0) andB(0, b).

Vi

BY

Fig. 9.8

It is directly verified that the required equation of this line is the equation
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W W
- = P8
W W
A line given by the equatioaix + by + c= 0 can be obtained in the computer
program GeoGebra. For example, if you type the equatierzy i 6 = 0 in the
“Input" bar, you will obtain the line shown in Figee.

Fig. 9.9

A line can also be obtained for the general equatiort by + c= 0. To do
this, you need to create slidexd, c and type in the "Input" baax + by + c=0.

As a result, you will get a line defined by this equation. As the slider values
change, the line itself will change.

Let us determine the relative position of lines on a plane, depending on their
equations.

Two lines on a plane will be parallel if their normal vectors € p are
collinear, i.e., for some numbéithe equalitye b= t€ pholds.

For lines given by the equatioasx + by + ¢ =axbby+c =theO ,

normal vectors have coordinates (b )a b () . Consequentl| vy,
parallel if for some numbdrthe equalities holda ta= b th= .
Inthiscase,it t=, then these equatd otos de

then these equations define parallel lines.

If two lines intersect, the anglg between them can be calculated using the

scalar product formula of their normal vectors. Namely,
A0 ‘$D$‘E§ 3.003 oou)§~8
EBE R ® WOw W

In particular, the lines will be perpendicular if the scalar product of vectors
€D €D is zero, i.e., the equalities hold:
EPDED = ajay + bbby, =0.

An approximate value of the angle between two intersecting lines can be
obtained in the computer program GeoGebra. To do this, select the "Angle" tool
and, with the left mouse button, specify two lines. As a result, the desired
approximate value of the alegbetween the two given lines will appear on the
screen (Fig9.10).

75



Fig. 9.10

Let us derive the formula for the distaricBkom a givenpoinA x(y ) t o
given linel, given by the equatioax + by + c= 0 (Fig.9.11).

va

Y

Fig. 9.11

LetA Xy ) be some poochanbe the mormallvetor] aigh e |
be the angle between the IlineA A and t he nor m
FrompointA , dr op a AfMeorthe gived line The desired distarite

equalsd 'O 6 6P JA T 30From the scalar product formula we find
HD OB WO © OO 58

A I @ \ © © D © ©
KW 08 Mw w 30 0B
Considering thatax i by = c, we o btain the de:c
AN
N o

An approximate value of the distance from a point to a line can be obtained
in the GeoGebra program. To do this, select the "Distance or Length" tool and, with
the left mouse button, specify the point and the line. As a result, the desired
approximate vale of the distance from the given point to the given line will appear
on the screen (Fi@.12).
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Fig. 9.12

Exercises

1. What equations do the coordinate lines havexap) Oy?

2. Write the equation of the line: a) passing through p&t0) and parallel
to theOy axis; b) passing through poiB(0, b) and parallel to th©x axis.

3. Write the equation of the line passing through paint( 2 , 1) wit|
vector&(1,71). Obtain it in the computer program GeoGebra.

4. Write the equation of the line passing through pdint( 2 , 1)
perpendicular to the line given by the equatiox &)y + 1 = 0; b) X1 3y + 4 =
0. Obtain it in the computer program GeoGebra.

5. Write the equation of the line passing through p&{ng, 1), which is the
foot of the perpendicular dropped from the origin to this line.

6. PointH(-2, 4) is the foot of the perpendicular dropped from the origin to
the line. Write the equation of this line.

7. Write the equation of the line passing through p&fiitL, 3) and parallel
to: a) theOx axis; b) theDy axis; c) the ling/ = 2x.

8. Write the equation of the line passing through p&in{( -2) with direction
vectorae(-1, 2). Obtain it in the computer program GeoGebra.

9. Write the equation of the line passing through péiritl, 2) and parallel
to the line given by the equation:>aj y+ 1 =0; b) 271 3y + 4 = 0. Obtain it in
the computer program GeoGebra.

10. Write the equation of the line passing through the origin with sloje: a)
=1;b)k=2;c)k=0.5; dk=-1; e)k=-2; f) k=-0.5. Draw these lines on graph
paper.

11. Find the slope of the line: ay 32y + 4 =0; b) 2+y-1=0.

12. Write the equation of the line passing through pditis 1),B(1, 0).

13. Write the equation of the line passing through pav(d, 3),N(1, 4).
Obtain it in the computer program GeoGebra. Find the coordinates of the normal
vector of this line.

14. Write the equations of linas a shown 903 Figur e
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1 2 3

Fig. 9.13

15. Determine which of the following pairs of lines: a) are parallel; b) are
perpendicular:

1)x+yi 2=0,x+y+3=0;

2) X+yi 2=0,xTyi 3=0;

i7x+y=0,Kiy+4=0;

4)4xT 2y-8=0,ixT 2y+4=0.

16. Find the coordinates of the intersection point of the lines:

a)xiyil1=0x+y+3=0;

b)xT 3y+2=0, %71 5y+1=0.

17. Write the equation of the perpendicular bisector of segAigra) A(1,
2),B(4, 3); b)A(3, 2),B(-1, 4).

18. The vertice#\ B, C of triangleABC have coordinates (0, 2), (4, 2), (3,

6) respectively. Find: a) the equations of the lines containing the medians of this
triangle, the coordinates of their intersection pdnto) the equations of the lines
containing the altitudes of this triangle, the coordinates of their intersection point
H; c) the equations of the perpendicular bisectors of the sides of this triangle; d) the
coordinates of the center of the circle circumscribed about this triangle.

19. Find the angle between the lines given by the equations:tay? 1 =
0,x7T2y+3=0;b)x+y+1=0x7yi 1=0.Draw these lines.

20. Find the cosine of the angle between the lines given by the equations: a)
X+y+1=0,X1T4y+5=0;b)x+2y7 1=0,x7 3yi 5=0. Obtain the
approximate value of the angle in the computer program GeoGebra.

21. Find the distance from the point:&(0, 0); b)A(3,71) to the line given
by the equation3+ 4y 1 12 = 0. Obtain the approximate value of the distance in
the computer program GeoGebra.

22. Write the equation of the line symmetric to the line given by the equation
ax + by + c¢= 0 with respect to: a) thex axis; b) theOy axis; c) the origirO.
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10. Curves Defined by Equations in Cartesian Coordinates

Here we will examine several classical curves defined by equations in
Cartesian coordinates.

1. Circle. A circle withcenteP(x y ) a n R(Figald.) is given by

the equationw W W Y 8
YA
Yt---
|
: >
0 % x
Fig. 10.1

2. Parabola.Recall that a parabola is the locus of points equidistant from a
given lined and a given poinE not lying ond. The lined is called the directrix,
and the poinfF is the focus of the parabola. The line passing through the focus of
the parabola and perpendicular to the directrix is called the axis of the parabola.
Let us derive the equation of a parabola. Denot& bye intersection point
of the parabola's axis with its directrix. Let the length of segri€htbe 2.
Introduce a coordinate system with the origin at the midi@oftsegmenEG, the
x-axis as the line parallel to the directrix and passing through the origin, and the y
axis as the axis of the parabola (Fif.2. Then the focu& will have coordinates
(0,a).

Fig. 10.2
Let A(X, y) be a point in the plane. Its distances to the focus and the directrix

are w @ ® andly+al, respectively. PoinA belongs to the parabola if and

only if the equality @ @ & = |y+a| holds. Squaring both sides of this
equality and combining like terms yields the equalidy = x?, which is the desired
equation of the parabola.
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To obtain the parabola defined by this equation in the GeoGebra software,
create a slidea. In the "Input" bar, type 4ay=x"2 and press "Enter". The parabola
will appear on the screen (Fi$j0.3. The value of slidea can be changed. The
shape of the parabola will change accordingly.

3
L

4 -3 -2 1 0 1 2 3

Fig. 10.3

3. Ellipse.Recall that an ellipse is the locus of points in the plane for which
the sum of the distances to two fixed poiRtsk equal s a given
than the distance betweenthe poltsk . Thd& P oianmtes cal | ed
the ellipse. The segment connecting the points of the ellipse and passing through
its foci is called the major axis of the ellipse. The segment connecting the points of
the ellipse and perpendicular to the major axis is calleohther axis of the ellipse.

Let us derive the equation of an ellipse. Eet¢, 0),F ¢ 0) be the foci of
the ellipse. Take the given constant of the ellipse tcald&ig. 10.4).

Fig. 10.4
Let A(X, y) be a point in the plane. Its distances to the foci are respectively

® w wand ® ® «.PointAbelongs to the ellipse if and only if
the equality holds
0 W+ O W =2
Move the second term on the left side of this equality to the right side and
square both sides of the resulting equality. We obtain the equality
0w O OTO T O 0 0 0w 08
Combine like terms to obtain the equality
a O W W =W ) é)
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Square again and combine like terms. We obtain the equality

Denotew & @ and divide both sides of this equality tyc . We
obtain the equality

W W s
o @ P
which is the desired equation of the ellipse.

To obtain the ellipse defined by this equation in the GeoGebra software,
create slidersa and b. In the "Input" bar, type x"2/a"2+y"2/b"2=1 and press
"Enter". The ellipse will appear on the screen (E@5. The values o andb can
be changed. The shape of the ellipse will also change accordingly.

L

a=4] o b=3 @
2
- 0 2 r
2
Fig. 10.5

4. Hyperbola. Recall that a hyperbola is the locus of points in the plane for
which the absolute value of the difference of the distances to two fixed points
F equal s a given positive conskE&nit |
The point F are called the foci of the h

Let us derive the equation of a hyperbola. Eet¢, 0),F ¢ 0) be the foci
of the hyperbola. Take the given positive constant of the hyperbola t (B¢g2
10.6).

vk

Fig. 10.6

PointA(x, y) belongs to the hyperbola if and only if the equality holds
| ® @ w- ® ®0 0|l=20
Rewrite it as

W 0 0= 20+ O O o
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and square both sides of this equality. We obtain
OO 0T IO OO 0 o 08
Expanding the brackets and combining like terms, we obtain the equality
Squaring again and denotidy @ &, we obtain
OO 0o Oo8
Dividing both sides byd @ , we finally obtain the equation of the hyperbola
W W
-— - P8
W W
To obtain the hyperbola defined by this equation in the GeoGebra software,
create slideraandb. In the "Input” bar, type x"2/a?*2"2/b"2=1 and press "Enter".
The hyperbola will appear on the screen (Elg.7).

a=2\ @ T b=3/e

-2

Fig. 10.7

The values o andb can be changed. The shape of the hyperbola will also
change accordingly.

Let us determine what curves can be defined by the equation

OO OO WO Cw O T'nph
where the number® hd hd are not all zero simultaneously.

We will prove that by rotating the curve defined by this equation about the
origin through some angfg, we can eliminate the terguo @ ¢i.e., obtain a curve
defined by the equation

(G (RO CEo O o O T'mnch
where the number® h ¢ are not both zeto

Let pointA' be obtained by rotating poiA(x, y) about the origin through an
anglez (Fig. 10.8).
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Let us find the coordinateg'(y") of pointA'. We have
w 1TATHOL 3 10ATAT30 OFIDEI 0AT D »wDEh
w 13DEJ 3 100HIAIT0 AITGOEI OOEF oAl B
Let us express the coordinatesy) from these equalities in terms of the
coordinatesx(, y'). We get
w ©AT30 w DEh
w OIOBEl Al B
Substitute these expressions into equationWk) obtain the equation
B2 02 (Fe GEde (Be B CuEe aEe G B W mh
where
e O Al @ ¢ ATs0OEI ® OESF,
e ¢ ATzCOE ¢ ORI @ ¢ Al ® OER h
e ® OE} c¢o AizOOE & Al @,
e c® AT30 ¢ OFlhiee ¢ OEB3l ¢ AT30
Let us rewrite the expression for the coeffici@nt in the form
e OEKB O ¢ AT@.
If the coefficient®d is nonzero, then by choosirg) such that

AGg ,

we obtainkee ™ o
Expressions forA [ 30and O E3l can be obtained using trigonometric

formulas: 0§ —— AT ©3 , AT ® h OE3
8
Let us prove that ifo 1, then by a parallel translation of the curve

defined by equation (2) we can eliminate the tegn ®, i. e., obtain a curve
defined by the equation
(xR umue C e (exe T oS8
Rewrite equation ("2) in the form
W .

where® ©w —
Denote @ @ —. We obtain the desired equation (3). The

corresponding curve is obtained from the curve defined by equation (3) by a
parallel translation by the vects(— ft .

Similarly, if ® T, then by a parallel translation of the curve defined by
equation (2) we can eliminate the teg®d , i.e., obtain a curve defined by the
equation

(20 (R UeRCW X (e T8

If both coefficientso andw are norzero, then equation (2) is reduced

to the form
(B2 (&R (R URaE (e T U 38
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Depending on the coefficienés dee, Gee , Geeadt can define a circle, an
ellipse, a hyperbola, two straight lines passing through the origin, a@@no),
or no curve at all.
If & M ® T, then equation (3) will take the form
(R oEeaeCl we (eae T @8
Depending on the coefficientscan define a parabola, a straight line, two
parallel lines, or no curve at all.
If & M, T, then equation (4) will take the form
(R uexXR (W e (e T X 8
Depending on the coefficieniscan define a parabola, a straight line, two
parallel lines, or no curve at all.
Example. Determine which curve is defined by the equation
X0 XQOQWUEQ PTW ¢ T P TTTL
Solution. Let us eliminate the term ¢ wTo do this, rotate the curve by an
anglez, for whichA &@ —8henOE3 - Al ® - The formulas for the

rotation of coordinate axes are

0w —W wh

=l e
Qcl-

W -0 -w8
v 3]
Substituting these expressions for *x* and *y* into the given equation, we
obtain the equation
e T T et T8
Let us complete the squares in the-lefhd side of this equation. We get the
equation
W ¢ TW P T T8
A parallel translation by the vector with coordinate®, (1) reduces the
equation to the form
GEee Tuea®eT Th
where
ceen ch
w w p8
Therefore, the original equation defines an ellipse.

Exercises
1. Prove that the curve defined by the equakbm y> + ax + by + ¢ = 0,
where @ — —, is a circle. Find its center and radius.

2. For the parabola defined by the equatierx?, find the coordinates of the
focus and the equation of the directrix.

3. Determine the type of curve defined by the equagfonx. Obtain it in
the GeoGebrarogram

4. Prove that the curve defined by the equayierax® + bx+c¢, & T is a
parabola. Find the coordinates of the focus and the equation of the directrix.
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5. Prove that the curve defined by the equa®d y? = 1is an ellipse. Find
the coordinates of the foci and the constar®btain this curve in the GeoGebra

program
6. Prove that the curve defined by the equatig+ bx + cy? + dy+ e = 0,
wherea andc are positive and distinct, affl — —, is an ellipse.

7. Prove that the locus of poin@x, y) such that the sum of the squares of
the distances fror@ to two fixed pointsAs(-a, 0)andAy(a, 0)is constant and equal

to c2 (where— > a?) is a circleFind its center and radius.

8. Determine which curve is defined by the equayinx? = 1. Obtain it in
the GeoGebrarogram
9. Prove that the curve defined by the equatigh+ bx - cy? - dy+ e = 0,

wherea andc are positive and distinct, affl — —, is a hyperbola.
10. Determine which curve is defined by the equakpa 1. Obtain it in the
GeoGebrgrogram

11.Which curve is defined by the equatioyi 3x +y1 12 = 0?Obtain this
curve using the GeoGebra program.

12. Which curve is defined by the equatixi+ xy + y? 1 1 = 0?Obtain this
curve using the GeoGebra program.

13. For two given point#\(0, 0),B(b, 0) and a positive numb&r 1, find
the equation of the curve consisting of poi@tsuch thalAC = kBC. Determine its
type.

14. For a linea defined by the equation= 0, a pointB(0, b), and a number
k> 1, find the equation of the curve consisting of all pog(s y) for which the
distance to line equals the distance to polBimultiplied byk. Determine its type.
Obtain it in the GeoGebarogram

15. For a linea defined by the equation= 0, a pointB(0, b), and a positive
numberk < 1, find the equation of the curve consisting of all po®¢s, y) for
which the distance to lina equals the distance to poiBt multiplied by k.
Determine its type. Obtain it in the GeoGepragram

16. Given a poinfA(0, a) and a line defined by the equatyon 0. Find the
locus of pointC(x, y) for which the sum of the distances to the given point and the
given line is constant and equals

17. Given pointsA(a, 0) andB(b, 0). Find the locus of point§(x, y) for
which the sum of the squares of the distances to the given points is constant anc
equalsc.

18. Given pointsA(a, 0) andB(b, 0). Find the locus of point§(x, y) for
which the difference of the squares of the distances to the given points is constant
and equals.

19. In the GeoGebra software, obtain fbeum of Descartes’ the curve
whose points' coordinates satisfy the equatfony® 7 3axy= 0.

20. Recall that the lemniscate of Bernoulli is the locus of pdimsthe plane
for which the product of the distancA&; and AF; to given pointsd-;, F, equals
the square of half the distance between these points. The Bgiftsthemselves
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are called the foci. Find the equation of the lemniscate of Bernoulli with-{¢ci
a, 0),F2(a, 0) (Fig.109). Obtain it in the GeoGebm@ogram

Fig. 10.9
21. On graph paper, draw the curve defined by the equatioxj:saly| = 1;
b) 2Kk| + 3}| = 6. Obtain it in the GeoGebra software.
22. On graph paper, draw the curve defined by the equation+ay| |+ K -
y| =2; b) |2+ 3y| + |X - 3y| = 6. Obtain it in the GeoGebra software.
23. On graph paper, draw the figure defined by the equatioh| f+ k - 2| +
ly- 3| +{-4| =2. Obtain it in the GeoGebra software.

24. On graph paper, draw the curve defined by the equatiae %

p. Obtain it in the GeoGebra software.
25. On graph paper, draw the curve defined by the equatieny* = 1.
Obtain it in the GeoGebra software.
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11. Curvesdefined by parametric equations
Let us consider a method of defining a curve as the trajectory of a moving
point on a plane. Since the position of a point on the plane is uniquely determined
by its coordinates, to define the motion of a point it is sufficient to define the
dependences oits coordinatesx, y on timet, i.e., to define the functions
W woh
W wos8
In this case, for each valuetofve can find the position of the point on the plane.
The argumentis called a parameter. The curve on the plane described by a
point whose coordinates satisfy these equations as the parameter *t* varies is callec
aparametrically defined curven the plane (Figl1.1). The equations themselves
are callecparametric equations

VA
o)
A~ — B
14
| A -
a b O x
Fig. 11.1

Note that the graph of a functigr f(x) is a special case of a parametrically
defined curve on the plane (Fil.2.

YA

A/“x'i,/ﬂ

.
t

2Y

a |0 b

Fig. 11.2

In this case, the parametric equations are
@ oh

w Qo8
To obtain a curve defined by parametric equations in the GeoGebra computer
program, you need to type in the "Input" b&urve(x(t), y(t), t, a, band press
"Enter". As a result, the desired curve will appear on the screen.
Let us consider examples of defining curves by parametric equations.
1. Line.Consider a line passing throughagivenpging y ) , wi t h a
direction vectodp aQ (Fig.11.3.
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y.ﬂ.

Fig.11.3

A point A(x, y) belongs to this line if and only if the vectord®is collinear

with the vectordp, i. e., for some number the equalityd ® d&eo holds. In
coordinate form, this equallty can be rewritten as

» © b
w w 08
Consequently, the parametric equations of the line are the following
equations .
» ® b
w w Q8

Note that the parametric equations define not only the line but also the way
a point moves along this line. Ligtt) denote the vectay @.

Let us find the expression for the velocity vector of this motion. During the
timefromt tt o the point AtXreayedt 9 ft oxpap,mit n
y dt ) . The di s pJPanil beneguat to theevedtod DP. It has
coordinates(t it dit i1t ) ) . Dividing i o=tyt,twhe t

obtain the velocity vectap z—D It has coordinate,(d) and is equal to the vector

op. Thus, from a physical point of view, the direction vecigc, d) is the velocity
vector of the point moving along the line. Its lengtis expressed by the formula
VL "B © 08
2. Circle. A circle of radiusR centered at the origin (Fi§j1.4) can be defined
by the parametric equations

® YAT d
@ YOEC¢
YA

..
NV

Fig. 11.4
As in the case of the line, these equations define not only the circle but also
the motion of a point along this circle. In this case, as the parametaes from

& 8
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zero to 2, the point on the circle makes one revolution counterclockwise, starting
and ending at the point with coordinatég Q). With a further increase of the
parametet, the point will repeatedly traverse the circle in the counterclockwise
direction.

This motion of a point along a circle can be obtained in the GeoGebra
computer program. To do this, create a slider t, varying from 0 to 2Pi, and in the
"Input" bar type A=(cos(t), sin(t)). Poiit, belonging to the circle centered at the
origin with radius 1, will appear on the screen. By enabling animation, you will get
the motion of this point along the circle.

3. Ellipse.An ellipse defined by the equatien — p (Fig.11.5 can be
. . o AT @
defined by the parametric equations =4 =«

Fig. 11.5
4. Hyperbola. A hyperbola defined by the equatien — p (Fig.11.6
can be defined by the parametric equatlons(b O E e

whereA B is the hyperbolic cosinéE o

v

is the hyperbolic sine.

Fig. 11.6

N This follows from the fact that for the hyperbolic cosine and sine, the identity
AB OB pholds, which can be verified directly.
5. Folium of Descarte§ a curve defined by the equatigt+ y°i 3axy= 0

(Fig. 11.7).
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Fig. 11.7
Settingy = tx in this equation and solving fo we obtain the parametric

equations of the folium of Descartes
0w o .

|’u(b - h
P (0]

e, 00D 5

NI V) "

w P O

6. Cycloidi a curve described by a point fixed on a circle rolling along the
Oxaxis (Fig.11.9.

LS I N

-
X

Fig. 11.8

Let the unit circle at the initial moment touch the ori@irSuppose the circle
rolls along theOx axis and moves to poif@. The center of the circle moves to
pointP. The fixed point on the circle moves to poit

Let” 6 0 0 0. Since the aré 0Oof the circle has rolled along the segment
OQ, their lengths are equal toFor the coordinates y of pointC we have

Thus, the  parametric  equations of the cycloid are

w 0 OE
w p AT @

To obtain such a cycloid in the GeoGebra computer program, type in the
“Input" bar: Curve(sin(t), Icos(t), t, 0, 2Pi) and press "EnteRs a result, the
cycloid on the intervdl0, 2a] will appear on the screen.

In the GeoGebra computer program, you can obtain the trajectory of a point
along a cycloid in motion. To do this, you need to:

1) create a slider a, varying from 0 to 2Pi;

2) construct a circle with center (a, 1) and radius 1;

3) mark a point on it with coordinates-¢a(a), tcos(a)) and connect it
with a segment to the center of the circle;

4)type in the "Input” bar: Curvefin(t), 2-cos(t), t, 0, a) and press "Enter";

5) enable animation.
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As a result, the circle will roll along the line, and the marked point will trace
the cycloid.

As a result, the circle will roll along theaxis, and poinC will trace the
cycloid (Fig.11.9.

Fig. 11.9

7. Epicycloidi the trajectory of a point fixed on a circle rolling externally
along another circle. Let us derive the equation of the epicycloid.
Consider a unit circle centered at the origin. Let the rolling circle have nadtss
center at the initial moment is located at the point with coordinates @), +and
the fixed pointA on it is located at the point with coordinates (1, 0). Suppose the
rolling circle rotates through a certain anggl®uring this, the center of the rolling
circle moves to poin®, and the fixed point moves to poiafx, y) (Fig.11.10.

Fig. 11.10

From the equality of the arc lengthsband® f the circles, it follows that
the angleAOQequalst. LetE, F be the orthogonal projections of poihbnto the
x-axis andy-axis, respectively. Then, for the coordinateg of pointC we have

w 06 GO GOAT L 00 EVEBOO
p 1 ATiIOO TAT® i h
w 0’000 GOXVEDONEAT"G0O
p i OETo i DEJd 1 @8
Consequently, we have the parametric equations of the epicycloid
w p 1 ATIGO T AT®O 1 h
w p i OETo i DEJ i 8
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A special case of the epicycloid is tterdioidi a curve described by a point
fixed on a circle rolling along another circle of the same radius {#id.1)

~
.'/
Fig. 11.11
The parametric equations of the cardioid are

w cAT® Al ¢dh
©w c¢OEd OEJes
8. Hypocycloidi the trajectory of a point fixed on a circle rolling internally
along another circle (Fid.1.129.

Fig. 11.12
Similarly to the epicycloid, it can be shown that the equations of the
hypocycloid are
w p 1 ATIGO TAT® i
w p i OETo i DEJ i @8
A special case of the hypocycloid is thstroidi the trajectory of a point
fixed on a circle rolling internally along another circle whose radius is four times
larger (Fig.11.13.




The parametric equations of the astroid are
. 0..0, p..00Q.
w —-Al-O-Al-6h
T T T T
. .0. p. .00
—OEl -OE+8
_ T 1 1 T
These equations can be reduced to the form
o Qo
w Al ©h
T
., .20
w OE+8
T
Exercises

1. Write the parametric equations of a circle with center at gty ) a n d
radiusR (Fig. 11.14.

¥ A YA
Y A,
> . B
O xﬂ' X O X, Xy X
Fig. 11.14 Fig. 11.15

2. Write the parametric equations of a line passing through pdindsy ) ,
AXy ) (@IFb.g.

3. Write the parametric equations of motion along a line forming an angle of
60° with the xaxis, where at the initial moment the point is at the origin, and the
speed of the point is 10.

4. Write the parametric equations of motion of a point along a line passing
throughpointA Xy AX Y ), whetr etat piomeA ,i sana
at timet It 1 sAat position

5. In the GeoGebra computer program, obtain an ellipse whoseagesi
area andb (Fig. 11.16 by defining it with parametric equations.

[

ol

~3
o
T
Jm

Fig. 11.16 Fig. 11.17

6. In the GeoGebra computer program, obtain a hyperbola (Hid.7)
defined by parametric equations.
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7. In the GeoGebra computer program, obtain the folium of Descartes (Fig.

w —~h
11.18 by defining it with the parametric equations
w —38
y.t
x]-—
0
Fig. 11.18

8. Write the parametric equations of a prolate cycloid (Figl9. Obtain
the prolate cycloid in the computer program.

]

¥

i
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¢
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Fig. 11.19
9. In the GeoGebra computer program, obtain the motion of a point along a
prolate cycloid.
10. Write the parametric equations of a curtate cycloid (Flg20. Obtain
the curtate cycloid in the GeoGebra computer program.

Fig. 11.20

11 In the GeoGebra computer program, obtain the motion of a point along
a curtate cycloid.
12. In the GeoGebra computer program, obtain a cardioid 1&id.J).
13. In the GeoGebra computer program, obtain the motion of a point along
a cardioid.
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14. In the GeoGebra computer program, obtain an epicycloid for which the
radiusr of the rolling circle equals.

15. In the GeoGebra computer program, obtain an epicycloid for which the
radiusr of the rolling circle equals.

16. In the GeoGebra computer program, obtain an epicycloid for which the

radiusr of the rolling circle equals 2.
17. In the GeoGebra computer program, obtain a hypocycloid for which the

radiusr of the rolling circle equals.

18. In the GeoGebra computer program, obtain a hypocycloid for which the
radiusr of the rolling circle equals.

19. In the GeoGebra computer program, obtain a hypocycloid for which the
radiusr of the rolling circle equals.

20. Using the parametric equations of the astroid (Elgl3, write the
equation of the astroid in Cartesian coordinates.

21. Write the parametric equations of a prolate cardioid (EJ1). Obtain
this curve in the computer program.

Fig. 11.21 Fig. 11.22

22. Write the parametric equations of a curtate cardioid (Rid22. Obtain
this curve in the GeoGebra computer program.
23.Findthe parametric equationstbie @nchoid of Nicomeded=ig. 11.23)

Fig. 11.23
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24. Find the parametric equationsthieP a s ¢ a | (Big. 112M)a i |

-3

Fig. 11.24

25. Findthe parametric equations tbie Strophoida (Fig. 11.25)
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Fig. 11.25
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12. Curvesdefined byequations in polar coordinates
Alongside Cartesian coordinates on a plane;a®ed polar coordinates are
more convenient in many cases.
Let a coordinate line with a distinguished pdihénd a unit segme@E be
given on a plane. This line is called the polar axis, and the point O is called the pole

(Fig. 12.1).

The polar coordinates of a point C on a plane with a given polar axis are the
pair (; 3), where r is the distance from poiGtto pointO, and3 is the angle

between the polar axis and the vectd measured counterclockwisesif> 0, and
clockwise if3 < 0.

Here, the first coordinate r is called the polar radius, and the sgcond
called the polar angle. The polar anglecan be specified in degrees or radians.
To distinguish the notation of polar and Cartesian coordinates, we will denote polar
coordinates with a semicolon. This is how polar coordinates are denoted in the
GeoGebra computer program, which, along with the Cartesian coordinate system,
has a polar aardinate system (Fid.2.2.

£ Carmagps = [m]

Tair MNpaexa Bug Facmoiaw WHcToymeHTsl OkHo Cnpaska
A1l T FTw ™ =
R &~ DO 0L o122

¥ Manen| = NonoTHo

E=og:

Fig. 12.2
If a Cartesian coordinate system is given on a plane, then the origin is usually
taken as the pole, and the Ox axis is taken as the polar axis. In this case, each poir
on the plane with Cartesian coordinates (X, y) can be assigned polar coordinates (

3) (Fig. 12.3.

97



A
Clx,y)
Y-~ +*
A~
|
ol | x o
0 “x
Fig. 12.3

Here, Cartesian coordinates are expressed in terms of polar coordinates by
the formulas: N
w 1AIzO
w i1 OEsi8
Conversely, polar coordinates are expressed in terms of Cartesian coordinates by
the formulas:

i w ©,ATH0 —, OBl —.
Polar coordinates turn out to be convenient for defining curves on a plane,

especially for defining various spirals (FitR.4). Equations of such curves have
the formr =r(3).

Fig. 12.4

To obtain a curve defined by an equation in polar coordinates in the
GeoGebra computer program, you need to type in the "Input" bar: Curve((r(t); t),
t, a, b) and press "Enter".

As a result, the desired curve will appear on the screen.
Using the formulas connecting polar and Cartesian coordinates, one can transition
from the equation of a curve in polar coordinates r(3) to the parametric
equations of this curve o

w I 0AIlM
w i 00DB

Let us consider examples of curves defined by an equation in polar
coordinates.

1. Circle of radius R with center at point O is defined by the equatR

(Fig. 12.5.
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Fig. 12.5

Indeed, a circle is the locus of points at a distance R from point O. All such
points satisfy the equality= R. Here, if the angl@ increases, the corresponding
point on the circle moves counterclockwise, tracing circles. If the aggle
decreases, the corresponding point traces circles clockwise.

2. Archimedean spirali a curve defined by the equatiorr a 3, where a
is some fixed number, and the anglg is given in radians.
Supposea > 0 and construct the graph of this curveg ¥ 0, therr = 0. This means
the curve passes through the origin. Let us see how the radius changes as the ang

3 increases. In this case, the radius r will also increase. For exanple, atve

havei —;at3 Awegeti o, i.e., twice aslarge. 3 —, the value of

the radiug will be three times larger, and so on. Connecting the obtained points
with a smooth curve, we draw the curve called the Archimedean spiral in honor of
the scientist who discovered it and studied its properties 1Ei@).

ylk

P
©

Fig. 12.6

nY

A geometric property characterizing the Archimedean spiral is the constancy
of the distances between adjacent turns, each equahtdr@leed, if the anglg
increases by 2 i.e., the point makes one revolution counterclockwise, the radius
increases by 2, which constitutes the distance between adjacent turns.
The sound groove on a vinyl record follows an Archimedean spiral. A tightly rolled
roll of paper in profile is also an Archimedean spiral. A metal plate with a profile
in the shape of half a turn of an Archimedean spiral is often used in variable
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capacitors. One part of a sewing machinte mechanism for evenly winding
thread onto a bobbiihnhas the shape of an Archimedean spiral.

3. Golden spiralis defined by the equation in polar coordinates @ |,
whereais some fixed positive number other than one,zm&lthe angle measured
in radians (Fig12.7).

U

=Y

Fig. 12.7

Unlike the Archimedean spiral, the golden spiral is infinite in both directions,
since the anglg canvary fromb t o + b a> lHas theangleiintreases, the
radius increases; if 0&< 1, as the angle increases, the radius decreases.

A geometric property of this spiral is that each successive turn is similar to
the previous one. Indeed, if the angle increases by.€, the point makes one
revolution counterclockwise, the radius increases by a factar ofThis means
that the next turn is similar to the previous one, and the similarity fadior is

Using this property, after constructing one turn of the golden spiral, all
remaining turns can be obtained by similarity.

This property of the golden spiral is used in various technical devices. For
example, in the manufacture of rotating knives, which allows maintaining a
constant cutting angle during rotation. In hydraulic engineering, pipes that direct
water flow to turbie blades are bent along a golden spiral, due to which the water
pressure is used with maximum efficiency.

Moths, orienting themselves by parallel moonbeams, instinctively maintain
a constant angle between their flight direction and the light ray. However, if they
orient themselves to a nearby light source instead of the moon, such as a candle
flame, their ingnct fails them. Maintaining a constant angle between their flight
direction and the light source, they move along a coiling golden spiral and fall into
the candle flame.

The shells of many mollusks, snails (F1g.8.
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The horns of argali (mountain goats) are twisted in a golden spiral (Fig.
12.9.

The leaves of some plants are also arranged along a golden spiral (Fig.
12.10.

Many galaxies are also twisted along this spiral, in particular the Galaxy of
our Solar System (Fig.2.11J).

Fig. 12.11
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4. Threeleaf rose i a curve defined by the equation = sin33.
To construct this curve, first note that since the radius isnegative, the

inequalitysin3 O 0 must hold; solving it we f
3:0A30 60A;30 21080 /03 02804 A0
So, | ®® ®GA.O IdfvariesHrem 04 to 0P, sirg3varies from

zero to one, therefore the radius r varies from zero to one. If the angle varies from
30° to 60°, the radius varies from one to zero. Thus, as the Znglaes from 0°

to 60°, the point on the plane describes a curve resembling the outline of a petal
and returns to the origin. The same petals are obtained when the angle varies withir
the ranges from 120° to 180° and from 240° to 300° (&gl2.

Fig. 12.12

5. Cardioid. Let us prove that the cardioid can be defined by the equation
r=2(1i cos3)=10E +.

Consider a unit circle with center at po@( 1, 0) and a unit circle rolling
along it, whose marked point at the initial moment is located at the @{gir0).
Suppose the rolling circle rotates around the center of the fixed circle by an angle
3. During this, its center moves to positi® and the marked point moves to
position C (Fig12.13.

Fig. 12.13
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QuadrilateralOCPQis an isosceles trapezoid with b&3P = 2 and lateral
sidesOQ = CP=1. Then for the baseCwe haveOC= 21 2 cos3. SinceOC=
r, the equation of the cardioid in polar coordinates wilt Be2(11 cos3).

6. Conchoid of NicomedeslLet us recall how it is obtained. Draw a liae
Mark a pointO at a distance d from this line. For an arbitrary point C of line c,
draw lineOC. On it, lay off segmentdC = BC=|. The locus of point& andB
forms a curve called the conchoid of Nicomedes (EXgl4.

Fig. 12.14

To find the equation of the conchoid in polar coordinates, take Pastthe
origin. Take as line a line parallel to th&axis and at a distancrom the origin.
Take segment€A andCB equal to |. Then the desired equations of the conchoid
will be

0 ”
O E3l
Figure4.58shows the conchoid for whiach=1, | = 2.

7. Limacon of PascallLet us recall how it is obtained. Draw a circle with
centerO and radiuRk. Mark a pointP on it. For an arbitrary poir@ of this circle,
draw linePC. On it, lay off segment&C = BC=I. The locus of point& andB
forms a curve called the limacon of Pascal (ER195.

Y

wY

Fig. 12.15
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To find the equation of the limacon of Pascal in polar coordinates, take point
P as the origin. Take as the circle a circle of radRwsith center at poinO(R, 0).
Take segments CA and CB equal to |. Then the desired equations of the limacgon
will be
i ¢YATD @8

Exercises

1. For points with given polar coordinates, find their Cartesian coordinates:
a) (1;-); b) (2;7-).

2. For points with given Cartesian coordinates, find their polar coordinates:
a) (ic, VIc); b) (i 10, 0); c) (1j Wo); d) (i Vo, 1).

3. Draw the Archimedean spiral defined by the equation— 3.

4. In the GeoGebra computer program, obtain the Archimedean spiral
defined by the equation —3.

5. Write the parametric equations of the Archimedean spiraty .

6. Draw the golden spiral defined by the equation pip .

7. In the GeoGebra computer program, obtain the golden spiral defined by
the equation  pip .

8. Write the parametric equations of the logarithmic spiral.

9. In the GeoGebra computer program, obtain the curve defined by the
equatiornr = sin 53.

10. Draw the curve defined by the equatios cos3. ldentify its type.
Obtain it in the GeoGebra computer program.

11. Draw the curve defined by the equatiensin3 . Identify its type. Obtain
it in the GeoGebra computer program.

12. Draw the curve defined by the equation ——. Identify its type.

Obtain it in the GeoGebra computer program.
13. Draw the curve defined by the equation —. Identify its type. Obtain

it in the GeoGebra computer program.
14. Draw the hyperbolic spirdla curve defined by the equation —.
15. Draw the Galilean spiral, which is defined by the equatieriy (a >

0). Obtain it in the GeoGebra computer program.
16. In the GeoGebra computer program, obtain the curve defined by the

equation O E+.

17. In the GeoGebra computer program, obtain the cochleoid, which is
defined by the equatian —.

18. In the GeoGebra computer program, obtain the curve defined by the
equatiorr = 1 + cos 3 + sir'33.

19. In the GeoGebra computer program, obtain the curve defined by the
equatiomr=oc 1 p OWEP 3 OEdh3g .
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20. Find the equation of a parabola in polar coordinates, taking the Focus
of the parabola, which is at a distaneefidm the directrixd, as the pole, and the
axis of the parabola as the polar axis (E@.16.

Fig. 12.16 Fig. 12.17

21. Find the equation of an ellipse in polar coordinates, taking the focus
of the ellipse as the pole, and the line containing the major axis of the ellipse as the
polar axis (Figl2.17. Take the distance between the foci @sa?d the length of
the major axis asa2

22. Find the equation of a hyperbola in polar coordinates, taking theFocus
of the hyperbola as the pole, and the line containing the axis of the hyperbola as the
polar axis (Figl2.18. Take the distance between the foci @sa2d the length of
the axis as &

Fig. 12.18 Fig. 12.19
23. Determine which curve is defined by the equaiion

if: a)
ss pMp)m ss plpss p.Obtainitin the GeoGebra computer program.
24. Let us recall how the strophoid is obtained. Pdd(, 0),P(d, 0) and
line c defined by the equation= d are given. Lines are drawn through pdinat
angles3 to thex-axis, intersecting line at pointsC. From point<C on these lines,
segment€A = CB = CPare laid off (Fig12.19. The curve described by poifs
andB as the angleg vary is the strophoid. Find its equation in polar coordinates.
Obtain it in the GeoGebra computer program.
25. Let us recall how the cissoid of Diocles is obtained. Pét(@s0),Q(d,
0), a circle with diametdPQ, and line b defined by the equativr= d are given.
Rays are drawn through poiAtat angleg to thex-axis, intersecting the circle at
pointsA and lineb at pointsB. From pointP on these rays, segmef€ = AB are
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laid off (Fig.12.20. The curve described by poir@ss the cissoid of Diocles. Find
its equation in polar coordinates. Obtain it in the GeoGebra computer program.

Fig. 12.20 Fig. 12.21
26. Let us recall that the lemniscate of Bernoulli is defined by the equation
W W c @ w (Fig.12.2)). Find its equation in polar coordinates.

27. Let us recall how the Maclaurin trisectrix is obtained. Two pdi(is 0)
and B(d, 0) are given. LineAB rotates around poinfA by an angle3
counterclockwise and around poBiby an angle 8 counterclockwise. The locus
of intersection points of the resulting lines is the Maclaurin trisectrix (RAg2.
Find its equation in polar coordinates. Obtain it in the GeoGebra computer
program.

Fig. 12.22 Fig. 12.23

28. Two pointsA(0, 0) andB(d, 0) are given. Liné\B rotates around point
A by an angle3z counterclockwise and around poi® by an angle 2
counterclockwise (Figl2.23. Find the equation in polar coordinates of the locus
of intersection points of the resulting lin€3btain it in the GeoGebra computer
program.

29. Recall that an inversion with cent@rand radiufR is a transformation of
the plane such that each pofnin the plane, distinct fror®, is mapped to a point
0 lying on the rayOA and satisfyingd 6t00 'Y (Fig. 12.24).Using the
equation of the strophoid in polar coordinates, prove that under inversion with
respect to a circlevith centerO andradiusd, the strophoid (Fig. 12.19) maps onto
itself.

30. Using polar coordinatesetérmine what curve is the image of the
parabolayiven by the equationd & & under inversion with centér ctrt (Fig.
12.25) Obtain this curve using the computer program GeoGebra.
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Fig. 12.24 Fig. 12.25
31. Using polar coordinatesettrmine what curve is the image of the
parabolayiven by the equation® ¢ « under inversion with centér it (Fig.
12.2%). Obtain this curve using the computer program GeoGebra.
32. Using polar coordinatesetermine what curve is the image of the
hyperbola given by the equation &  p under inversion with centér Tt
and radiud (Fig. 12.Z). Obtain this curve using the computer program GeoGebra.

- —i
\&? Fk/\
Fig. 12.26 Fig. 12.27
33. Using the computer program GeoGeldatermine what curve is the

image of the hyperbola given by the equation ®  p under inversion with
centerd phit and radiug (Fig. 12.8).

vA m vA
D@ U D F;?

Fig. 12.28 Fig. 12.29
34. Using the computer program GeoGelaatermine what curve is the

image of the hyperbohaith foki F;, F, under inversion with centdf; and radius
R (Fig. 12.D).
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IV*. CURVES ON THE SPHERE ANDTHE POINCARE MODEL
OF THE LOBACHEVSKY PLANE

13.Curveson the sphere
Consider a sphere with cent@rand radiusR.
Great circles on the sphere, i.e., circles formed by the intersection of the
sphere with planes passing through the center of the sphere, will be called
spherical lines(Fig. 13.1).

Fig. 13.1

Arcs of great circles will be callespherical segments

The length of a spherical segment will be called the length of the
corresponding arc.

The spherical distancéetween two points on the sphere will be called the
length of the shortest spherical segment connecting these points.

The anglebetween two spherical lines will be called the angle between the
tangents drawn through the point of intersection of these lines.

For a given sphericdine, consider a line passing through the center of the
sphere and perpendicular to the plane efdbrresponding circlel'he poins of
intersection of this line with the sphere will be calted spherical polesf this
spherical line.

Circles on the sphere, formed by the intersection of the sphere with planes
not passing through the center of the sphere, will be cslledrical circles

For a given spherical circle, consider a line passing through the center of the
sphere and perpendicular to the plane of this circle. The point of intersection of
this line with the sphere will be callegtie centerof the spherical circleThe
sphericaldistance from this center to the points on the spherical circle will be
calledthe radiusof the spherical circle.

Parabola. Consider a spherical lingand a poinF not belonging to this
line. LetN andSdenote the corresponding poles. We will find the spherical analog
of a parabola, i.e., the locus of poi#ton the sphere that are equidistant from
pointF and the spherical ling (Fig. 13.2.
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Consider any poinD on a spherical linel. Connect it with a spherical
segment to poink. Let C be the midpoint of this segment. Through p&@ntdraw
a plane perpendicular to the spherical 2. The spherical line, which is the
intersection of this plane with the sphere, will be the locus of points equidistant
from points F and D. Through pointD draw a spherical lineb, which is
perpendicular to the ling The pointA, the intersection dhe sphericdinesb and
c, will be equidistant from poirft and the spherical ling As the position of point
D changes on the spherical lidgpointA will trace the desired locus of points. We
will call this aspherical parabolaand the spherical lirgtwill be the directrix. The
spherical linec will be the tangent and pointA will be the point of tangency

The indicated construction of poi&t can be performed in the GeoGebra
computer program. If the optiomtaceOn" is selected for the obtained poifyt
then as poinD moves along the spherical limk point A will trace the desired
spherical parabola.

Note that from the equality of aros"@ndo Qit follows that the sum of the
lengths of arc® ‘Cando Uis equal to the length of ak@0, i.e., equal to— and

independent of the position of poibton the spherical lind. Consequently, the
constructed locus of points on the sphere can also be considered an analog of al
ellipse on a plane.

If point F coincides with one of the poles of the spherical dinge spherical

parabola will be a spherical circle centered at that aoteradius—.

Ellipse. Consider two point$i, F» on a sphere and a positive numler
greater than the distance between these points and lessa8dre will find the
spherical analog of an ellipse with fdégi, F, and constant, i.e., the locus of points
on the sphere such that the sum of their distandésandF; is equal tcc.

Consider a sphericalrcle d with the centeF, and the radius. Let D be a
point on this circleConnect it with a spherical segment to pdiatLet C be the
midpoint of this segment. Through poi@f draw a plane perpendicular to the
spherical ling=;D. The spherical line, which is the intersection of this plane with
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the sphere, will be the locus of points equidistant from péineEndD. Through
pointD draw aspherical lindd, which is perpendicular to the ciradeThe pointA,
the intersection ophericalines b andc, will be equidistant from poirff; and the
sphericakircle d (Fig. 13.3).The sum of the distancdsom the pointA to F; and
F, will be equal toOO @ As the position of poinD changes on the spherical
circled, pointA will trace the desired locus of points. We will call thispdoerical
ellipse and thepoints F;, F, will be the foci. The spherical line will be the
tangent and pointA will be the point of tangency

Puc. 13.3

The indicated construction of poiAt can be performed in the GeoGebra
computer program. If the optiomtaceOn" is selected for the obtained poiyt
then as poinD moves along the sphericaircle d, point A will trace the desired
sphericakllipse

Hyperbola. Consider two point&,, F, on a sphere and a positive number
lesserthan the distance between these p&s will find the spherical analog of
a hyperbolawith foci F;, F, and constant, i.e., the locus of points on the sphere
such that thebsolute differencef their distances t&; andF; is equal tcc.

Consider a sphericalrcle d with the centeF, and the radius. Let D be a
point on this circleConnect it with a spherical segment to pdiatLet C be the
midpoint of this segment. Through poi@f draw a plane perpendicular to the
spherical ling=;D. The spherical line, which is the intersection of this plane with
the sphere, will be the locus of points equidistant from péinEndD. Through
pointD draw aspherical lined, which is perpendicular to the cirale The pointA
the intersection dinesb andc, will be equidistant from poirf; and the spherical
circled (Fig. 134). The differenceof the distancefrom the pointA to F, andF;
will be equal t6O0O & As the position of poinb changes on the sphericaicle
d, point A will trace thearc of the hyperbolaThe spherical linec will be the
tangent and pointA will be the point of tangency

Let A' be the point symmetric tA with respect tdD. Thendtd® 0 O
— 80 60 OO0  As the position of poinD changes on the spherical
circled, pointA dvill trace thesecondarc of the hyperbola.
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Pac. 13.4

Let "@g "@ebe the poirg symmetriccorrespondinglyto "0, "O with respect
to O. Then the first arc of the hyperbola is the ellipse with 10¢ci@e The second
arc of the hyperbola is the ellipse with f60| "@e

The indicated construction of pog#, A @an be performed in the GeoGebra
computer program. If the optiofMtaceOn" is selected for the obtained paEm,

A pthen as poinD moves along the sphericalcle d, poins A, A @ill trace the
desired sphericdlyperbola

Exercises

1. Construct asphericaparabola using the GeoGebra computer program.

2. For a given focu$ and directrixd of a sphericalparabolaconstruct the
tangent passing through a given pdw{Fig. 13.5).
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Pmc. 13.5

3. Prove that the tangents to a spherical parabola, passing through A point
on the directrixd, are perpendicular (Fig. 13.6).
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Prec. 13.6
4. Construct aspherical ellips@ising the GeoGebra computer program.
5. For a given focFi, F, andthe constant of a sphericalellipseconstruct
the tangent passing through a given paiig. 13.7).

Pue. 13.7

6. Construct aspherical hyperbolasing the GeoGebra computer program.
7. For a given foc Fi, F, andthe constant of a spherical hyperbola
construct the tangent passing through a given pgo(fig. 13.8).

Puc. 13.8
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8. Usingthe computer program GeoGebra, construct a spherical analogue
of the conchoid of Nicomedes.

9. Usingthe computer program GeoGebra, construct a spherical analogue
ofthePascal.60s snai l
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14. Curves on the Poincare model of the Lobachevsky plane

One of the models of Lobachewsgeometry was proposed by the French
mathematician H. Poincaré (185912).

In this model, the Lobachewgblane is the interior of disk. We will simply
call it theLobachevsk plane The circle itself and the circumference bounding it
will be called the Poincaré disk and the Poincaré circle, respectively.
Points in the Lobachevglplane are points located inside the Poincaré disk. Lines
are diameters of the Poincaré disk excluding their endpoints, as well as arcs of
circles located inside the Poincaré disk and perpendicular to its circumference (Fig.
141). We will call these Lobachewvgkines.

Fig. 14.1

To construct a Lobachewskline, we will use the computer program
GeoGebra. Mark any poiftoutside the Poincaré disk. Using the "Tangent" tool,
draw tangents through poiRt Using the "Intersection" tool, find their points of
tangencyA andB. With the "Arc through center and two points" tool, construct an
arc of a circle with centeP and endpointA and B. This will be the desired
hyperbolic lineAB (Fig. 14 2).

Fig. 14.2

For other constructions, we will need the inversion transformation and some
of its properties.

Recall that inversion with respect to a circle with cetand radiu®k maps
each poinfA in the plane, other thaD, to a pointA' lying on the rayOA such that
0 0o Y38
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Under inversion, pointé located inside the circle are mapped to po#its
located outside the circle, and vice versa. Points on the circle remain in place.

Let's construct the inversion of poiAt located outside a circle with center
O and radiusR. Through pointA, we draw a tangent to the circle bounding this
disk. LetB be the point of tangency. From this point, we drop a perpendiBiNar
to the lineOA (Fig. 14.3.

Fig. 14.3

TrianglesOA'BandOBAare similar. Consequently, the equality —h=

holds, from which we obtain the equality ) 0 'Y . Therefore, poinA'is the
inversion of pointA.

Inversion can be obtained in the computer program GeoGebra, which has the
"Reflect Object in Circle" tool for this purpose.

We will use the following properties of inversion, the proofs of which can
be found in the book by Bakelman, I. Yaversion Moscow: Nauka, 1966.

Property 1. Inversion with respect to a given circle transforms a line not
passing through its center into a circle passing through the center, excluding the
center itself, and vice versa.

Property 2. Inversion with respect to a given circle transforms a circle not
passing through its center into a circle not passing through the center.

The validity of these properties can be verified in the computer program

GeoGebra.

Let's consider some additional properties of inversion.

Property 3. A circle perpendicular to a given circle is mapped onto itself
under inversion.

Proof. Consider a circle with cent& that is perpendicular to a circle with
centerO (Fig. 14.4).

Fig. 14.4
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Let A andB be the points of intersection of these circles. Then the G#es
andOB are tangent to the circle with centerSince this circle is located between
these tangents, the circle obtained by its inversion will also be located between
these tangents. As a circle is uniquely determined by two of its points and the
tangents drawn through these points, the circle withec® will be mapped onto
itself under inversion.

Property 4. A circle passing through two points that are inverses of each
other with respect to a given circle is perpendicular to that circle.

Proof. Let pointA' be the inverse of poir& with respect to circla with
centerO, and let circldb with centerP pass through these points. IRzbe one of
the intersection points of circlesandb (Fig. 14.5.

e

5

B

Puc. 14.5

Since a unique circle passes through three points not lying on the same
straight line, circleb, under inversion with respect to circe maps onto itself.
Consequently, it is perpendicular to cirele

Using these properties, we will construct the Lobachevsky line passing
through pointsA andB in the Lobachevsky plane.

If points A andB lie on the same line with cent®; then the desired line is
the diameter passing through these points. If péiaisdB do not lie on a diameter
(Fig. 14.6), then we construct the inversighof pointA. We draw a circle through
pointsA, B, andA'. This circle will be perpendicular to the Poincaré circle, and the
arcCD of the constructed circle, located inside the Poincaré disk, will be the desired
Lobachevsky line passing through poiAtandB.

Fig. 14.6

Let's define the concept of congruence of figures in the Lobachevsky plane.
To do this, consider the following transformations of the Poincaré disk with center

O.
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1. Rotation around poir.

2. Axial symmetry with respect to a lirigpassing through poirt.

3. Inversion with respect to a circle ¢ perpendicular to the Poincaré circle.

We will also call this axial symmetry with respect to a Lobachglisk.

Note that from the condition of perpendicularity of circle ¢ and the Poincaré
circle, it follows that under inversion with respect to cirglg@ointsA located on
the Poincaré circle are mapped to poiaAtdocated on the Poincaré circle, and
pointsA located inside the Poincaré disk are mapped to paltsated inside this

disk (Fig.14.7).

L\

Fig. 14.7

Thus, axial symmetry with respect to a Lobachg\sie is a transformation

of the Lobachevsky plane onto itself.
FiguresF andF', located on the Lobachevsky plane, will be called equal if
they are obtained from each other by means of the transformations indicated above

or their compositions.
Property 5. Circles on the Lobachevsky plane are ordinary circles.
Proof. It is clear that a circle on the Lobachevsky plane with center at point

O'is an ordinary circle (Fig.4L8).

(s)@

Fig. 14.8

Any other circle is obtained from such a circle by axial symmetry.
Considering that inversion transforms ordinary circles into ordinary circles, we get

that circles on the Lobachevsky plane are ordinary circles.
Note that the centéd' of a circle on the Lobachevsky plane differs from the

ordinary center of this circle.
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Let's present a few problems on constructing figures in the Lobaghevsk
plane.

Problem 1. In the Lobachevsk plane, construct a Lobacheyskine
perpendicular to a given Lobacheysine AB, passing through a given pofdnot
belonging to the given line (Fig419).

Solution. Construct an inversiol©' of point C with respect to a circle
centered aD, and an inversiof" of pointC with respect to a circle centeredrat
Draw a circle through point€, C', and C". Its arc DE will be the desired
Lobachevsi line.

Problem 2.In the Lobachevskplane, construct the perpendicular bisector
to the segmentD of the Lobachevskline AB (Fig. 14.10.

Fig. 14.10

Solution. Since the arc of a circle corresponding to the perpendicular
bisector must be perpendicular to the LobachgVlisie AB, its centelQ must lie
on the lineAB. Since, under inversion with respect to this circle, pGimust map
to pointD, the centef) must lie on the lin€D.

Draw linesAB andCD. Let Q be their intersection point. Through po@t
draw tangents to the Poincaré circle. EedandF be the points of tangency. With
center at poinQQ and radiusQE, draw a circle. Its ar&F will be the desired
perpendicular bisector.
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Problem 3.0n the Lobachevsky plane, construct the bisector of the angle
formed by two Lobachevsky lings 6 ando ¢ intersecting at poin€ (Fig.
14.11).

Fig. 14.11

Solution. Draw the lined 0 . Since under inversion with respect to the
circle azorresponding to the desired bisector, pdintaps to poind , the center
P of this circle must lie on the lin@ 0 . Draw the lined 6 . The centeP of the
circle on which the desired bisectdies must be located on this line. Thus, point
P is the intersection point of the linés6 and6 6 . Draw a circle with centd?
and radiu$C. The desired bisectar 6 will lie on this circle.
Parabola. In the GeoGebra computer program, we construct an analogue
of a parabola on the Lobachevsky plane. Consider a LobachevsidBifiag.
14.12).

Fig. 14.12

Mark point D on it. Through pointD, draw a Lobachevsky line a
perpendicular to the Lobachevsky liad. To do this, draw linéAB and the
tangent to the ardo dpassing through poird. Let P denote their intersection
point. With center at poirf, draw an aré© "Of a circle passing through point
D. This arc will be perpendicular to abncG Consequently, it gives the desired
Lobachevsky lina.

Construct the perpendicular bisecboof segmenOD. To do this, draw
line OD. Through poinD, draw a Lobachevsky line perpendicular to lidb.
Denote its intersection points with the Poincaré circlé aadH. Through point
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G, draw a tangent to the Poincaré circle. Denote its intersection point with line
OD asQ. With center at poin@, draw an arcO'f a circle passing through
point G. The corresponding Lobachevsky lilewill be the perpendicular
bisector of segmer@D (Fig. 14.13).

Fig. 14.13 " *

Let C denote the intersection point of the Lobachevsky nasdb. It
will be equidistant from poin® and the Lobachevsky lirge In the properties of
this point, select thel T r a c eopti@n As pointD moves along the
Lobachevsky linal, pointC will move, leaving a trace in the form of a parabola
C.

Ellipse. In the GeoGebra computer program, we construct an analogue of
an ellipse on the Lobachevsky plane. Consider a Lobachevsky diwith its
center at the cent€ of the Poincaré circle and radiusNote that it is an ordinary
circle. Mark a poinP inside it, distinct fronO (Fig. 14.14).

\S
@

Fig. 14.14

Draw line a through point® andD. Construct the perpendicular bisedbor
of the Lobachevsky segmeRD. Denote byC the intersection point of linessand
b. The sum of the distances fradto pointsO andP will equalr. In the properties
of pointC, select théi TaceO n 0 tion. As pointD moves along circld, pointC
will move, leaving a trace in the form of an ellipse.

1 1 J tc Atz @eoGebra computer program, we construct an analogue
of a hyperbola on the Lobachevsky plane. Consider a Lobachevskydanitleits
center at the cent€ of the Poincaré circle. Mark a poiRtinside it, distinct from
O (Fig. 14.15).
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Fig. 14.15

Draw line a through point® andD. Construct the perpendicular bisedbor
of the Lobachevsky segmeRD. Denote byC the intersection point of linessand
b. The difference of the distances frdnto pointsO and P will equalr. In the
properties of point C, select thieT r a ¢ eptio®. M®pointD moves along circle
d, pointC will move, leaving a trace in the form of a branch of a hyperbola.

The second branch of the hyperbola is obtained by reflecting this branch
across the perpendicular bisector of segradnt

Regular polygon. On the Lobachevsky plane, we construct a regular
pentagon with center at poi® whose angles are equal to 90°.

Construct a Lobachevsky line corresponding to a circle with cEniRotate
this circle around poinD by an angle of 72° counterclockwise. Denotefothe
intersection point of the original circle and the rotated one. Measure the angle
formed by these circles. By moving poftfind its position such that this angle
equals 90°. Continuing to rotate the constructed circle around@dptangles of
72°, we obtain circles that bound the regular penta®GDE, whose angles are
equal to 90° (Fig. 14.16).

Fig. 14.16

The position of poinP can be found exactly.o do this, let us establish the
relationship between the angleéhrough which ara rotates, the anglg between
arca and ard (obtained by rotating am by angle] ), and the distanagbetween
pointsO andP (Fig. 14.17).
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Fig. 14.17

Let Q denote the point obtained by rotating pdhthrough anglg . LetA
denote the intersection point of aecandb. LetG denote the angleAQ. Note that
¢ =180°T 3.

By the law of cosines applied to triang@PQ, we have:d 0 ¢Q
¢Q A T1@By the law of cosines applied to triand®Q, we haved 0 i
¢i A TGCOwherer is the radius of the circle generating arvith i Q p8

Consequently, we have the equality:

Qp A0 Q p p ATGCOh
from which we obtain the formula for the squared distahce
p AICO p Alz0
AT1O ATcO AT10 Al

Substitutingy = 72°,3 = 90° into this formula, we fin@ p M.

Figure 14.18 shows a fragment of @egularparquet made of equal regular
pentagons with angles of 90°, obtained using the GeoGebra computer program.

In it, regular polygons are obtained by applying symmetries of the central
regular pentagon and of the resulting regular pentagons.

Exercises
1. Obtain in the GeoGebra computer program the inversion of: a) a point; b)
a line; c) a circle.
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2. Construct a Lobachevsky line passing through: a) two points of the
Lobachevsky plane; b) a point of the Lobachevsky plane and a point of the Poincaré
circle; c) two points of the Poincaré circle.

3. Construct a Lobachevsky line perpendicular to a given Lobachevsky line
and passing through a given point: a) lying on; b) not lying on the given
Lobachevsky line.

4. Construct a Lobachevsky segment. Find its midpoint.

5. Construct the angle bisector of an angle formed by two intersecting
Lobachevsky lines.

6. Construct a circle in the Lobachevsky plane. Find its center.

7. Construct a circle in the Lobachevsky plane with a given center, passing
through a given point.

8. In the GeoGebra computer program, construct a parabola with a given
directrixand thefocuswhich is the center of the Poincaré circle

9. In the GeoGebra computer program, construct an ellipse with a given
constant ¢ and given foci, one of which is the center of the Poincaré circle.

10.In the GeoGebra computer program, construct a hyperbola with a given
constant and given foci, one of which is the center of the Poincaré circle.

11.In the GeoGebra computer program, construct a regular triangle whose
angles are equal to 45°.

12.1n the GeoGebra computer program, construct a regular parquet made of
regular triangles whose angles are equal to 45°.

13.1n the GeoGebra computer program, construct a square whose angles are
equal to 60°.

14.1n the GeoGebra computer program, construct a regular parquet made of
squares whose angles are equal to 60°.

15.In the GeoGebra computer program, construct a regular hexagon whose
angles are equal to 90°.

16.In the GeoGebra computer program, construct a regular parquet made of
regular hexagons whose angles are equal to 90°.
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ANSWERS
1
3. Let point C be located in the interior region of a parabola with fo€usnd
directrixd . Drop a perpendiculdD from it to the directrix. Denote b its point
of intersection with the parabola (Fi§y1.1). ThemdO 060 0 O 60 00
0 ‘OHence, the distance from poidto the focud= is less than the distance to the
directrixd.

A

m d
D
Fig. Al.1

4.a) PointA belongs to the parabola. The desired tangent is the line containing the
angle bisector 6f 'O0 TFig. A1.2, a);b) draw a circle with center at poiBand
radiusBF. Denote byO HO its points of intersection with the directrix. Draw the
perpendicular bisecto® andd of segmentsCD and™D , respectively. These

will be the desired tangents to the parabola (kig2, b).

5.a) One; b) two; c) none.
6. With centers at point8 i and radii equal to the distances from these points
to the directrix, draw circles. The desired foci will be the intersection points of these
circles (Fig.A1.3). If the distance between the given points is less than the sum of
the radii of the circles and greater than their difference, there are two foci. If the
distance between the given points equals the sum or the difference of the radii of
the circles, thre is one focus. If the distance between the given points is greater
than the sum of the radii of the circles or less than their difference, there are no
foci.
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Fig. Al.4

to the focus, draw circles. The desired directrix will be the common external
tangent to these circles (Fi§1.4). If the distance between the given points is less
than the difference of the radii of these circles, there is no directrix. In other cases,
there are two directrice8. A parabola with focug and directrixb (Fig. A1.5).

Fig. Al.5 Fig. A1.6
9. Points of the parabola and points located in the exterior regionXEig).
10.A parabola and a ray (Fig.1.7).

A
\4‘. / : 1
b |
d D
d

Fig. A1.7 Fig. A1.8
11. A parabola with focu® and directrixd (Fig. A1.8).
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12. a) A parabola with focu® and directrixd (Fig. A1.9, a); b) a parabola with
focusO and directrixd (Fig. A1.9, b).

A
_
d \ I.y
b B
d D
b
a) Fig. A1.0 )

13. w ft(Fig. A1.10).14. Let us draw the bisectar of the angle formed by the
given linesa and b. Construct a parabola with foc® and directrixa. Their
intersection point®;, O, will be the centers of the required circles.

Fig. A1.10 Fig. Al.11
15.From the points of tangen@y andA,, we drop perpendiculaisD; andA:D,
to the directrixd (Fig. A1.12). The tangents; anda; contain the bisectors of the
angles=AD; andFAD,, respectively. TriangleAFA; andAD;A;, AFA;, andAD,A;
are congruent. Consequently, the angdé#®y and AD,A;, AFA;, and AD,A; are
equal. From the equality of segmeAid;, AF, andAD,, it follows that the angles
AD,D, andAD,D; are equal. Therefore, the anghdsA; andAFA; are equal.

A

1

Iy

ay

A d

Fig. A1.12
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16.a) From the previous exercise, the equality of ariglEB andB,;FA;, andB,FB
and B;FA; follows. Consequently, anglB;FB; is half of angleAsFA,, which is
independent of the position of polRf” 0 00  p Y 1T J; b) with the center at
point B; and radiud;F, we draw a circle. LdE; andG; be its intersection points
with the directrixd (Fig. A.1.13).

Fig. A1.13
Since the lind3;B; is tangent to the parabola, it is the perpendicular bisector

of the segmenkG;. With the center at poird; and radiusB,F, we draw a circle.

Let E; and G, be its intersection points with the directrix. Since the BB, is
tangent to the parabola, it is the perpendicular bisector of the seger&ince

this perpendicular bisector is the same, poBiteind G, coincide. Let's denote it
asG. SinceGD; = D;E; andGD; = D;E,, the segmenD;D;, is half the segment
EiE,, which is independent of the position of pdgat

2
1. The required ellipse is shown in Figuke.1.

Fig. A2.1 Fig. A2.2

3. Let pointC lie inside the ellipse with fo¢DRO and constant. Denote byA the
intersection point of ray "O0 with the ellipse (Fig. A2.2).
Then6™O 60 60 80 @ Hence, the sum of the distances from p@int
to the fociF is less than the constamt

4. Construct pointO, symmetric to pointO with respect to tangent liree Draw
line "O°0. The intersection poirk of this line with the tangent is the desired point

of tangency (FigA2.3).
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Fig. A2.3 Fig. A2.4

5. Draw ray"00. The linea containing the bisector of the angle adjacent to angle
"0070is the desired tangent (Fig2.4).

6. Draw a circle centered at polatwith radiusd "O. Draw a circle centered at point

"O with radiusc. Since poinblies outside the ellipse, the inequaltyO 60O

aholds. Consequently, the distance between the centers of these circles is less tha
the sum and greater than the difference of their radii. Hence, these circles intersec
at two points. Denote thei® and™O . The desired tangents to the ellipse are the
perpendicular bisectore ftd of segmentsO’O and 'O0, respectively (Fig.
A2.5).7.a) One; b) two; ¢) none

Fig. A2.5 Fig. A2.6
8. With centers at pointd b and radiioi 6™0, i 6 Orespectively, construct
circles. The desired second foc@sis the intersection point of these circles (Fig.
A2.6).9. Construct pointO, symmetric to pointO with respect to tangent liree

(Fig. A2.7). The length of segmei@O is the desired value of constamt
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Fig. A2.7 Fig. A2.8

10. Construct pointO, symmetric to pointO with respect to tangent liree Draw
ray "O0. Draw a circle centered at poii@ with radiusc. Its intersection with ray
"00 is the desired second focis (Fig. A2.8).

11. Construct pointO, symmetric to pointOwith respect to tangent line Draw
circles centered at point8andA with radiicand®i 60, respectively. The desired
second focu¥0 is the intersection point of these circles (AZ..9).

Fig. A2.9 Fig. A2.10

12.The desired locus is an ellipse with f6¢1, excluding the two points lying on
line AB (Fig. A2.10).
13.The desired locus is an ellipse with faxandP (Fig. A2.11).

5 @

Fig. A2.11 Fig. A2.12
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14.The desired locus is an ellipse with fazandP (Fig. A2.12).
15.The desired locus is an ellipse with fociand0 (Fig. A2.13).

Fig. A2.13 Fig. A2.14

16.The desired locus is an ellipse with fociand0 (Fig. A2.14).
17.The desired locus is an ellipse with fociandb (Fig. A2.15).

Fig. A2.15

18.Let us prove, for example, the equality of andi€sA; andAF,A; (Fig. A2.16).
From the construction of the tangents, the equality of triagtes fandAF.F & 0
follows. Therefore, angle&F,A; andAFA; are equal.

19. Let FGQ, FG be points symmetric to points;, F, with respect to the
corresponding tangents;, a, (Fig. A2.17). TrianglesAFGF, and AF,F& are
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congruent by three sides. Thereford;6AF,=" F;AF®. This means that angles
F,A FG and F,AFG are equal. Consequently, anglegAA; and F,AA; are also
equal.

Fig. A2.17 Fig. A2.18

20. Let F& denote the point symmetric to poift with respect to the tangeat

(Fig. A2.18).From the previous exercise, we obtain the equality of agkes,
andFOAF,. The angld=6AF; is equal to 90° if and only if the equalityO

60 "O'0 holds. Given thab 'O 6"0and’O'0 ¢ we obtain the equality

80 080 . LetAddenote the point symmetric to poifitwith respect to
pointO. We use the fact that the sum of the squares of the sides of a parallelogram
equals the sum of the squares of its diagonals. Applying this property to
parallelogramAd-1AF,, we obtain the equalitgd™O ¢0™O 1T00 1Q,

from which it follows that b 6 ¢ Q. Thus, the angle between the tangents

a; andaz is 90° if and only ifd 06 ———. This means that poirt belongs to a

circle with cente© and radiusY

21. Let us prove, for example, that the measure of aBgteB, is independent of
the position of poinB (Fig. A2.19). As established in the previous exercise, the
following angle equalities hold:6 06 “ 6 06 and” 6 '060 ~ 6 "00.
Angle B, OB, is equal to half the measure of ang€OA,, whose magnitude is
independent of the point's position. Therefore, the measure of Bd1QR is also
independent of the position of poiBt

Fig. A2.19

131



3
1. The required hyperbola is shown in Figi®.1.

Fig. A3.1 Fig. A3.2

3. Let pointB lie outside the hyperbola with fo®H0O and constant. Denote by
othe intersection point of ray00 with the hyperbola (FigA3.2). Then6™O
60 060 66 060 o It can be shown similarly thabd"™O0 60 @
Consequently, the inequalittp"0 60~  wholds.

4. Construct pointO, symmetric to pointO with respect to lina (Fig. A3.3). The
length of segmenO'O will be the desired value Draw ray'OO. Its intersection
point A with line a will be the desired point of tangency.

Puc. A3.3 Fig. A3.4

5. Draw segmeniO0. With center at poinband radiu® O, draw a circle. Denote
by "O its intersection point with segmen©6. The desired tangent is the
perpendicular bisector of segméatO (Fig. A3.4).

6. With center at poind and radiu® "O, draw a circle. With center at poii@and
radiusc, draw a circle. Denote bYD the intersection point of these circles. The
desired tangent is the perpendicular bisector of segi@éniFig. A3.5).
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Fig. A3.5 Fig. A3.6

7.a) One; b) two; ¢) nond. Draw a circle with center at poift and radiuso

® "O. Draw a circle with center at poiit and radiuso 6 "O. The desired
second focugwill be the intersection point of these circles (FAG.6).

9. Construct pointO, symmetric to pointOwith respect to tangent line Draw
ray0"O. Draw a circle with center at poii@and radiug. The desired second focus
"O will be the intersection point of this circle with rajO (Fig. A3.7).

Fig. A3.7 Fig. A3.8

10. Construct pointO, symmetric to pointO with respect to tangent line Draw

a circle with center at poifiDand radiug. Draw a circle with center at poiAtand
radius® 0. The desired second foci@will be the intersection point of these
circles (Fig.A3.8).

11. Construct points§Oand™O, symmetric to pointOwith respect to tangents
and @ , respectively. Draw circles with centers at poil@sand"O and radiugo
The desired second focus will be the intersection point of these circles\ &4).
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Fig. A3.9 Fig. A3.10

12.The desired locus is a branch of a hyperbola whose foci are foantsP (Fig.
A3.10).
13.The desired locus is a branch of a hyperbola whose foci are foantsP (Fig.
A3.10).
14.The desired locus is a branch of a hyperbola whose foci are foantsP (Fig.

.

Fig. A3.11 Fig. A3.12

15. The desired locus is a branch of a hyperbola whose foci are poautsl 0
(Fig.A3.12).16.The desired locus is a branch of a hyperbola whose foci are points
0 and0 (Fig.A3.13).

Fig. A3.13
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17.Let us prove, for example, the equality of angi€sA; andAFR A, (Fig. A3.14).
From the construction of the tangents, the equality of triadgigs fandAF.F & 6
follows. Therefore, angle&FA; andAFA; are equal.

Fig. A3.14

18. Let FG, F& be points symmetric to points;, F, with respect to the
corresponding tangents;, a, (Fig. A3.15). Triangles AFGF, and AFFG are
congruent by three sides. ThereforeE6AF,=" F;AF&. This means that angles
F,A FG and F,AFG are equal. Consequently, anglegAA; and F,AA; are also

equal.
19. Consider the case of the position of point A, as shown in the fi§Br&6.
Let FG denote the point symmetric to poktwith respect to the tangeat.

Fig. A2.18 Fig. A3.16

From the previous exercise, we obtain the equality of angldg, and
FOAF,. The angld=6AF; is equal to 90° if and only if the equalilyO 0O
"O'0 holds. Given thad 'O 6’0 and"O'0 G we obtain the equalit§ O
6’0  &.LetAddenote the point symmetric to poilstwith respect to poin®.
We use the fact that the sum of the squares of the sides of a parallelogram equal:
the sum of the squares of its diagonals. Applying this property to parallelogram
AG-,AF,, we obtain the equalitgd™©O ¢06O tT0 0 'Q, from which it
follows thattd & c@ Q. Thus, the angle between the tangeatanda is

90° if and only if6 © ———. This means that poi belongs to a circle with

o W
centerO and radius ——.
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20. Let us prove, for example, that the measure of aBgieB; is independent of
the position of poinB (Fig. A3.17). As established in the previous exercise, the
following angle equalities hold:6 06 ~ 6 06 and” 6 'O6 ~ 6 "00.
Angle B;"OB; is equal to half the measure of ange€OA;, whose magnitude is
independent of the point's position. Therefore, the measure of BdyiQR is also
independent of the position of poit

Fig. A3.17

4
1. To obtain the Conchoid of Nicomedes in the GeoGebra computer program, do
the following.

Using the "Slider" tool, create a sliderarying from 1 to 3 with step 1.

Using the "Line" tool, construct a lire

Using the "Point" tool, mark a poimRR at a distance of 2 from this line.
Mark a pointdon linec.

Construct linePC.

Using the "Circle with center and radius" tool, construct a circle with center
0and radiusx

Using the "Intersect" tool, find the intersection points of this circle and line
PC. Label themA andB.

In the properties of these points, select the "Show trace" option.
Seta p.

If you move pointC along linec, pointsA andB will leave a trace in the form
of the Conchoid of Nicomedes corresponding to this valu€rag. A4.1).

Fig. Ad.1
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Seta c.
If you move poinC along linec, pointsA andB will leave a trace in the form
of the Conchoid of Nicomedes corresponding to this valu€rag. A4.2).

P
Fig. A4.2

Seta o©.
If you move poinC along linec, pointsA andB will leave a trace in the form
of the Conchoid of Nicomedes corresponding to this valu€rag. A4.3).

B

Fig. A4.3

2. To obtain the Limacon of Pascal in the GeoGebra computer program, do the
following.

Using the "Slider" tool, create a slid@arying from 1 to 3 with step 1.

Using the "Circle" tool, construct a circle with cen@®and radius 1.

Using the "Point" tool, mark poin®andC on this circle.

Construct linePC.

Using the "Circle with center and radius" tool, construct a circle with center
0and radiusx

Using the "Intersect” tool, find the intersection points of this circle and line
PC. Label themA andB.

In the properties of these points, select the "Show trace" option.
Seta p.
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If you move poiniC along the circle, pointd andB will leave a trace in the
form of the Limacon of Pascal corresponding to this valugff). A4.4).

Fig. Ad.4 Fig. A4.5

Seta c.

If you move poiniC along the circle, pointd andB will leave a trace in the
form of the Limacon of Pascal corresponding to this valugf. A4.5).

Seta o©.

If you move pointC along the circle, pointd andB will leave a trace in the
form of the Limacon of Pascal corresponding to this valugff). A4.6).

o

Fig. A4.6 Fig. A4.T

3. To obtain the Strophoid of Nicomedes in the GeoGebra computer program, do
the following.

Using the "Line" tool, construct a lire

Using the "Point" tool, mark poin@ andC on it.

Using the "Perpendicular line" tool, construct a line passing through{point
and perpendicular to line

Mark on it a poinP located at a distance of 4 from lioe

Draw linePC.
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Using the "Circle with center and radius" tool, construct a circle with center
C and radiuCQ.

Using the "Intersect" tool, find the intersection points of this circle and line
PC. Label themA andB.

In the properties of these points, select the "Show trace" option.
If you move pointC along lined) pointsA andB will leave a trace in the form of
the Strophoid of Nicomedes (Fig4.7).
4. To obtain the Cissoid of Diocles in the GeoGebra computer program, do the
following.

Using the "Line" tool, construct a lire

Using the "Point" tool, mark point3 andC on it.

Using the "Perpendicular line" tool, construct a line passing through@oint
and perpendicular to line

Mark on it a poinP located at a distance of 4 from line

Draw lined 6

Using the "Circle with center and radius" tool, construct a circle with center
C and radiuCQ.

Using the "Intersect” tool, find the intersection points of this circle and line
PC. Label themA andB.

In the properties of these points, select the "Show trace" option.
If you move pointC along linec, pointsA andB will leave a trace in the form of
the Cissoid of Diocles (Figh4.8).

Fig. A4.8 Fig. A4.9

5.To obtain the Kappa curve in the GeoGebra computer program, do the following.

Using the "Line" tool, construct a lire

Using the "Point" tool, mark poin@ andC on it.

Using the "Circle with center and radius" tool, construct a circle with center
C and radius 1.

Using the "Tangents" tool, construct the tangents to this circle passing
through poin®©O.

Using the "Intersect" tool, find the points of tangency. Label them .

In the properties of these points, select the "Show trace" option.
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If you move pointC along lined) pointsd andd will leave a trace in the
form of the Kappa curve (Fig. 04.9).
6. To obtain the Lemniscate of Bernoulli in the GeoGebra computer program, do
the following.

Using the "Slider" tool, create a slidevarying from 0.8 to 5.

Using the "Point" tool, construct poif@iOwith the distance between them
equal to 4.

Using the "Circle with center and radius" tool, construct a circle with center
"Oand radius.

Using the "Circle with center and radius" tool, construct a circle with center
"0 and radiug T

Using the "Intersect" tool, find the intersection points of these circles. Label

\\\\\

In the properties of these points, select the "Show trace" option.
When changing the slider value, poiotdo will leave a trace in the form of the
Lemniscate of Bernoulli (FigA4.10).

Fig. A4.10

7. To obtain the Circle of Apollonius in the GeoGebra computer program, do the
following.

Using the "Point" tool, construct poind$® with the distance between them
equal to 3.

Using the "Slider" tool, create a slidewarying from 2 to 6.

Using the "Circle with center and radius" tool, construct a circle with center
A and radiush

Using the "Circle with center and radius" tool, construct a circle with cente
B and radiusirg.

Using the "Intersect” tool, find the intersection points of these circles. Label

v M

In the properties of these points, select the "Show trace” option.
When changing the slider value, point$ will leave a trace in the form of the
Circle of Apollonius (FigA4.11).
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Fig. A4.11 Fig. A4.12

8. To obtain the Maclaurin Trisectrix in the GeoGebra computer program, do the
following.

Using the "Point" tool, construct poird$® with the distance between them
equal to 4.

Using the "Line" tool, draw lin&B.

Using the "Slider" tool, create a slidaarying from 0 togA.

Using the "Rotate around point" tool, rotate line&around poindby angle
ocounterclockwise.

Using the "Rotate around point"” tool, rotate llm&around point by angle
o0 counterclockwise.

Using the "Intersect” tool, find the intersection point of the obtained lines.
Label it0.

In the properties of this point, select the "Show trace" option.
When changing the slider value, poiwvill leave a trace in the form of the
Maclaurin Trisectrix (FigA4.12).

9. To obtain the Witch of Agnesi in the GeoGebra computer program, do the
following.

Using the "Circle with center and radius" tool, construct a circle with center
O and radius 1.

Draw its diametePQ.

Mark a pointA on it.

Using the "Tangents" tool, draw tangenndnto the circle through points
P andQ.

Using the "Parallel line" tool, draw a linghrough poin parallel to lines)
andr.

Using the "Intersect" tool, find the intersection points of this line with the
circle. Label themd b .

Draw lines06 M6 .

Find their intersection points with ling Label thermd S .

Using the "Perpendicular line" tool, draw through these points lines
perpendicular to ling.
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In the properties of these points, select the "Show trace" option.
If you move poinfA along diametePQ, pointso o will leave a trace in the form
of the Witch of Agnesi (FigA4.13).

C, Q G q
AE Ba A B_]_ A]_ i
of
P
D, P D,
Fig. A4.13

10.FigureA4.14.

Fig. Ad.14 Fig. A4.15

11.Let AB= 4 (Fig. A4.15) Let'sdenotg " 000 " 0 0 QI ‘the midpoint
of segmentBO, and] 0 O0OWe haved 6 TATJ00 O TAT QU O

AT O p, 0O

. Applying the sine rule to trianglPQD, we get

. We can rewrite this equality agA T @ EJl |

O E| TtAT O p 8This simplifies oO¢ O € 8 Therefore,7 ¢ 4 and

" 0 0 O o4.This means the curve is a Maclaurin trisectrix.

12.Let the angldBAC be ) (Fig. A4.16) Then the anglBOCis 2. Linesb andc
contain the altitudes of triangl@BC. Therefore, lineBD is perpendicular to line
OC. Let Q be the point of intersection of lirgD and lined, which passes through
pointO and is perpendicular to lireB. The angléOBDis 90°1 2) . Then the angle
ODQis 90°T J. The angldDOQis also 909 | . Consequently, segmer@O and
QD are equal. Thus, poil belongs to the strophoid.
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Fig. A4.16

13. FigureA4.17 shows the tangents, ...,bs, the points of tangendy, ...,Bs, the
feet of the perpendiculaiG,, ..., Cs dropped onto these tangents, and the curve
passing through these feet.

Fig. A4.17 Fig. A4.18

Prove that this curve is Rascal snailLet's consider a circle with centé and
radiusl (Fig. A4.18). Draw tangents;, b, to it at diametrically opposite points

6 M . From pointA, drop perpendlculanso 6 to these tangents. LBtbe the
intersection point of lined 6 with the circle having diameteAO = |. The
quadrilateral$)0 6 Oand06 6 O are rectangles. Consequeni® 00

& Hence, point$ 1o lie on the limagon of Pascal.

14. FigureA4.19 shows the tangents, ...,bs, the points of tangend, ...,Bs, the
feet of the perpendiculai@,, ..., Cs dropped onto these tangents, and the curve
passing through these feet.

Prove that this curve isRascal snailLet's consider a circle with centér
and radiug (Fig. A4.20). Draw tangentb;, b, to it at diametrically opposite points
6 M . From pointA, drop perpendlculanso 6 to these tangents. LBtbe the
intersection point of lin® 6 with the circle having diametekO =r < |. The
quadrilateral$)0 6 Oand06 6 O are rectangles. Consequenid ‘00
& Hence, point$ I lie on the limagon of Pascal.
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Fig. A4.19 Fig. A4.20

15. Through pointB, we draw a line perpendicular to the axesof the parabola
(Fig. A4.21) LetE be the vertex of the parabola. Through it, we draw lines parallel
to the tangent and the directrix. LI@tandM be their intersection points with line

c and the tangent, respectively. Through pBintve draw a line parallel to linkB.

Let C be its intersection point with the axis of the parabola. Through powe
draw a line parallel to line. LetK be its intersection point with lin€D. Segments
EM, DB, andKA are equal. TriangledsSEM andCAK are congruent. Therefore, the
segmenCE s independendf the choice of tangent to the parabola. We construct
a circle with diamete€E. PointD belongs to this circle, and poiBtbelongs to the
Cramer curve. Consequently, the sought pedal curve is the Cramer curve.

Fig. A4.21

16. Figure A4.22 shows the tangents, the points of tangency, the feet of the
perpendiculars dropped onto these tangents, and the curve passing through thes
feet.

Let us prove that this curve is the cissoid of Diocles. Let @oint bel ong
the pedal curve of the parabokd. A4.23) Recall that the tangent to the parabola
passing through poinB is the perpendicular bisectdr of segmentFH. The
quadrilaterahGDQis a rectangle. From the equality of trianghg§SsC andDQE,
we obtain the equality of segmem& and DE. Hence, pointC belongs to the
cissoid of Diocles.
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Fig. A4.22 Fig. A4.23

17. Figure A4.24 shows the tangents, the points of tangency, the feet of the
perpendiculars dropped onto these tangents, and the curve passing through thes
feet.

FoA
B
P
(
d
D (4]
Fig. A4.24 Fig. A4.25

Let us prove that this curve is thwaight line From the point of tangendy, drop

a perpendiculaBD to the directrixd of the parabolgFig. A4.%5). Since the
perpendicular bisector of segméiid is the tangent to the parabola, the p&rf
the pedal curve is the midpoint of segmEBt. The locus of such midpoints is a
line parallel to the directrix of the parabola and passing through its \Rertex

18. With center at pointO and radiusi) draw a circle. Choose a poiAton the
ellipse. Draw the rajO0. Denote byC its intersection point with the constructed
circle. Draw segmenritDd. Through pointA draw the tangent to the ellipgEig.
A4.26). Denote byB its intersection point with segmef®0. Triangle™00 Ois
isoscelesq’O 0 J. SegmenfBis the angle bisector, hence also the median and
altitude. Therefore, poirl lies on the required pedal curve. [ebe the midpoint
of segmentO0, andO the midpoint of segmen©™0. Quadrilaterall 6 W is a

parallelogram. Consequently,0 OO -. Thus, the required pedal curve is a
circle with centeO and radius-.
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Fig. A4.26 Fig. A4.27

19. Choose a poind; on thehyperbolaWith center at poiniO and radiusy draw

a circle.Draw the rayO0 . Denote byC; its intersection point with the constructed
circle. Drawline "O0 . Through poind draw the tangent to theyperbola (Fig.
A4.27). Denote byB; its intersection point withine "0O6 . Triangle™00 ¢ is
isoscelesd 'O 0 0 ). Segmentd 0 is the angle bisector, hence aldwe
median and altitudd?oint6 is the foot of the perpendicular dropped from point
"O onto the tangent to the hyperbola drawn through pwintConsequently, it
belongs to the pedal curveet O be the midpoint of segmef®"O. SegmentOo

is the midline of trianglé0"00 . ThereforeQ6 =— =-. Thus, thepointd lies

on theof circle with centeO and radius-. It is similary provedhat the footh of

the perpendicular dropped from poi@tonto the tangent to the hyperbola drawn
through pointd belongs to this circlewhen the position of poind; changes,
point B; describes an ar©"Oof a circle without its endpointsvherelinesd "O
and0 "Oare the limiting positions of the tangeiYhen the position of poirk,
changes, poirB, describes an additional a@"O of a circle without its endpoints.
Consequently, the desired pedal curve is a civitle centerO and radius without

pointsG; andG,.

2.a) Yes; b) No3.p '7'—_, 1,p —_, 2,p '7'—_, 1,p n 6. The curtate cycloid
is shown in Figuré\5.1.




7.To obtain a curtate cycloid in the GeoGebra software, do the following.
Create slidersfar(i2 t 8)andd (0 <d<1).
Set, for exampled = 0.5.
In the "Input” bar, typg = 0. A line will appear.
Mark pointsO(t, 1) andC(t, 1i d).
Construct a circle with center at po@tand radius 1.
Rotate poinC around poinO clockwise by an angle d¢fradians.
Connect the resulting point to poi@twith a segment.
In the properties of this point, select the "Show trace" option.

When the value of slideiis changed, the point will leave a trace in the form
of a curtate cycloid (Fig. A5.2). If you select the "Animate" option in the slider's

properties, you will obtain the desired trajectory in motion.

Fig. A5.2

8. The prolate cycloid is shown in Figué.3.

9. To obtain a prolate cycloid in the GeoGebra software, do the following.
Create slidersfar(i2 t 8)andd(1<d<?2).
Set, for examplaj = 1.5.
In the "Input” bar, type y = 0. A line will appear.
Mark pointsO(t, 1) andC(t, 1i d).
Construct a circle with center at po@tand radius 1.
Rotate poinC around poinO clockwise by an angle d¢fradians.
Connect the resulting point to point O with a segment.
In the properties of this point, select the "Show trace" option.
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When the value of slide¢ris changed, the point will leave a trace in the form
of a prolate cycloid (FigA5.4). If you select the "Animate" option in the slider's
properties, you will obtain the desired trajectory in motion.

U/ U

Fig. A5.4

12.The trajectory of a square's vertex is shown in Figls.

A A Ay Az B
Fig. A5.5

14.To obtain the trajectory of a square's vertex in the GeoGebra software, do the
following.

Create a slider far(0° t 360°).

In the "Input” bar, type: y = 0. A line will appear.

Mark pointsA(0, 0),A ( 2 A (049 A (06) B(8, 0))C(2, 2),D(6, 2).

Construct squares with verticAsandA A Anhdl &AnAdl &nrd
the "Input" bar, type:

If(0° t 90°, Rotate(Polygon(A, A_1, 4%, A_1))

If(90° t 180° Rotate(Polygon(A_1, A 2, 4)t + 90°, A_2))

If(180° t 240°, Rotate(Polygon(A 3, B, 4},+ 180°, A _2))

If(0° t 90°, Rotate(A;t, A 1))

If(90° t 180°, Rotate(Cit + 90°, A_2))

If(80° t 240°, Rotate(Dst +180°, A_3))

Designate the rotated points@s ¢ accordingly.

In the properties of these points, select the "Show trace" option. When the
value of the slider is changed, the point will leave a trace in the form of a square's
vertex trajectory (FigA5.6). If you select the "Animate" option in the slider's
properties, you will obtain this trajectory in motion.
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A A, A, A, B
Fig. A5.6

15.The trajectory of a regular hexagon's vertex is shown in F§Gre.

C,

A Al A, A, A, A, B

Fig. A5.7

17. To obtain the trajectory of a regular hexagon's vertex in the GeoGebra
software, do the following.

Create a slider far(0° t 360°).

In the "Input” bar, type: y = 0. A line will appear.

Mar k points A(O, 0), A (2, 0), A (
0), C(1,M0), D(4,cWo), E(8,¢cWo), F(10,Vo).

Construct regular hexagons with ve
A and A , A and A , A and B.

In the "Input” bar, type:

If(0° t 60°, Rotate(Polygon(A, A_1, 6}, A_1))

If(60° t 120°, Rotate(Polygon(A_1, A 2, 6},+ 60°, A_2))

If(120° t 180°, Rotate(Polygon(A 2, A 3, 6},+ 120°, A _3))

If(180° t 240°, Rotate(Polygon(A 3, A 4, 6},+ 180°, A_4))

If(240° t 360°, Rotate(Polygon(A 4, A 5, 6},+ 240°, A_5))

If(0° t 60° Rotate(A;t, A 1))

If(60° t 120°, Rotate(Cit + 60°, A_2))

If(80° t 240°, Rotate(Ds;t + 120°, A_3))

If(180° t 240°, Rotate(Est + 180°, A_4))

If(240° t 360°, Rotate(~t + 240°, A_5))
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Designate the rotated points as C
of these points, select the "Show trace" option.

When the value of the slider is changed, the point will leave a trace in the
form of a regular hexagon's vertex trajectory (FA$.8). If you select the
"Animate" option in the slider's properties, you will obtain this trajectory in motion.

A As A, A, A, A B
Fig. Ab.8
18. A circle similar to the given one with a similarity ratio of 0.5.
(Fig. A.5.9).19. A circle similar to the given one with a similarity ratio of 5ig.
A.5.10).

Fig. A5.9 Fig. A5.10
20.Arc of a circle fc d. #§5.11).

B

A
Fig. A5.11

6
2. a) Yes; b) Nob5. Let the radius of the circle with cent@rbe 1. The quadrilateral
OAC;Q: is an isosceles trapezoid (Fig. A6.1). Consequently, quadrilaterals
OBC;Q: and OBC,Q; are parallelograms. ThuBC; = BC, = 2. Therefore, this
cardioid is a Pascal's snail.
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Fig. A6.1

Fig. A6.2

7. To obtain a shortened cardioid in the GeoGebra software, do the following.

Create slidersfoo(mt 0 ¢“)andQQm Q p).

Set, for exampleQ  Ti@.

Construct a circle with centér it and radiusp.

Construct a circle with centér ¢t and radiusp.

Mark pointd ¢ Q.

Rotate pointsP and A around pointO counterclockwise by an angle of
aradians. Denote the resulting pointaandB, respectively.

Rotate pointB around pointQ counterclockwise by an angle afadians.
Denote the resulting point &

Connect points Q and C with a segment.
In the properties of poir@, select the "Show trace" option.

As you change the slider value, pohwill leave a trace in the shape of a
shortened cardioid (FigA6.3). If you select the "Animate" option in the slider's
properties, you will see this trajectory in motion.
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Fig. A6.3
8. Let the radius of the circle with cent@rbe 1. The quadrilater®AC,;Q, is an
isosceles trapezoid (Fig. AB. Consequently, quadrilaterad3C;Q; andOBC,Q;
are parallelograms. ThudC; = BC, = 2. Therefore, this cardioid is a Pascal's snail.

Fig. A6.4
9. A lengthened cardioid is shown in Figuké.5.
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10. To obtain a lengthened cardioid in the GeoGebra software, do the following.

Create slidersfo(mt 0 ¢a)andQp Q Q).

Construct a circle with centér it and radius.

Construct a circle with centér ¢t and radiugp.

Mark pointd ¢ Q.

Rotate point$ andA around poin© counterclockwise by an angle
Denote the resulting points @sandB, respectively.

Rotate pointB around pointQ counterclockwise by an angleDenote the
resulting point ag.

Connect point®) andC with a segment. In the properties of pdihtselect
the "Show trace" option.

As you change the slider value, pohwill leave a trace in the shape of a
lengthened cardioid (Figh6.6). If you select the "Animate" option in the slider's
properties, you will see this trajectory in motion.

Fig. A6.6
11.Let the radius of the circle with cent®rbe 1. The quadrilater@AC;Q; is an
isosceles trapezoid (Fig. A§. Consequently, quadrilaterdad3C;Q, andOBC,Q;
are parallelograms. ThuBC, = BC, = 2. Therefore, this cardioid is a Pascal's snail.
C

Fig. A6.7
12. To obtain an epicycloid with a radius ratio of 3:1, do the following.

Create a slider fal(tt 0 ¢A).
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In the input bar, typ& ocandi p. o
Construct circles with radiY ocandi  pand center 1,0 'Y

Mark pointd "Yhrt .

Rotate points? and A around pointO counterclockwise by an angle of
oradians.

Denote the resulting points @sandB, respectively.

Construct a circle with cent€y and radius .

Rotate pointB around pointQ counterclockwise by an angle oiYfi o
radians.

Denote the resulting point &

Connect point§) andC with a segment.

In the properties of poirt, select the "Show trace" option. As you change
the slider value, this point will leave a trace in the shape of an epicycloid (Fig
A6.8).

Ko

Fig. A6.8
If you select the "Animate" option in the slider's properties, you will see this
trajectory in motion.
13. An epicycloid is shown in Figui&6.9.




To obtain an epicycloid with a radius ratio of 5:2, use the solution from exercise 6,
settingY uv,1  ¢. The corresponding epicycloid is shown in Figa&10.

14. To obtain an astroid in the GeoGebra software, do the following.

Create aslider fart 0 ¢A).

Construct a circle with centér it and radiug . Construct a circle with
center) ofit and radiugp.

Mark pointd ofit .

Rotate pointsP and 6around pointO counterclockwise by an angle of
aradians. Denote the resulting pointSaandB, respectively.

Rotate poinB around poinQQ clockwise by an angle aforadians. Denote
the resulting point a€.

Connect point§) andC with a segment.

In the properties of poirt, select the "Show trace" option. As you change
the slider value, the point will leave a trace in the shape of an astroid\@-id).

Fig. A6.11

If you select the "Animate" option in the slider's properties, you will see this
trajectory in motion.
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15. Steiner's curve is shown in Figuké.12.

2

Fig. A6.12

To obtain Steiner's curve in the GeoGebra software, do the following.
Create a slider fart 0 ¢A).

Construct a circle with centér it and radiuso.
Mark pointst ¢ht ando oht .

Rotate points? and A around pointO counterclockwise by an angle of
oradians.

Denote the resulting points @andB, respectively.
Construct a circle with cent€y and radiugp.

Rotate poinB around poinQQ clockwise by an angle aforadians. Denote
the resulting point a€.

Connect point§) andC with a segment.
In the properties of poir&, select the "Show trace" option.

As you change the slider value, this point will leave a trace in the shape of
Steiner's curve (FigA6.13).

Fig. A6.13
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If you select the "Animate" option in the slider's properties, you will see this

trajectory in motion.
16. A hypocycloid is shown in Figurd6.14.

A

%
X

Fig. AG.14

NG

To obtain a hypocycloid in the GeoGebra software, do the following.

Create aslider fart 0 TA).

Construct a circle with center 0 im  and radius .
Mark points0 ofit andd uhr .

Rotate pointd? and A around pointO counterclockwise by an angle bf
radians.

Denote the resulting points @andB, respectively.

Construct a circle with cent€ and radiug.

Rotate poinB around poinf) clockwise by an angle af@oradians. Denote
the resulting point a€.

Connect point§) andC with a segment. In the properties of pditselect
the "Show trace" option. As you change the slider value, this point will leave a trace
in the shape of Steiner's curve (Fig.15).




If you select the "Animate" option in the slider's properties, you will see this
trajectory in motion.
17. The desired curve is shown in Figuké.16. Let's prove that this curve is a
cardioid.

Fig. A6.16
Suppose the larger circle has rotated around the c@rtéthe smaller circle by
an angleAOB =4 (Fig. A6.17) Let P de the center of the resulting larger circle,
andC be the point to which poiA(1, 0) has moved.

Fig. A6.17

Consider a unit circle with cent@g obtained by rotating a unit circle with center
Q(2, 0) by an angleZc. Then, in the quadrilater®l 6 C Q idesP 6 &dO Q éare

equal and parallel. Therefore, this quadrilateral is a parallelogram. This means that
sidesP 6 &hdC Q ére equal, and ang@QAC is equal tg 7¢. Consequently, point

C belongs to the cardioid.

18. Let the large circle be rotated by an angleB = |, P' be the center of the
resulting large circle, and' be the point to which poir&(1, 0) has moved (Fig.

A6.18).Thend & © 6 J8Consequently,® 0 & -. Through poinD, draw
a ray parallel to the linB'A'. Mark on it pointC where it intersects the circle and
point Q' such thalOQ'=R Then 60 0 0 | - . Consequently) 0

——. Segmentd'A' and OQ' are equal and parallel. Therefore, quadrilateral
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P'A'Q'Ois a parallelogram. This means that segmAf@ andP'O are also equal
and parallel. Consequently, poitbelongs to the circle with cent® and radius

R-1.Since 600 "000 -, thendd —— 0 & This means that

point A" belongs to the trajectory of a point fixed on a circle of raRiug, rolling
externally along the given circle.

Fig. A6.18
20. The desired curve is shown in Figuxé.19.

Fig. A6.19
22. The desired curve is shown in Figuxé.20.

%




24. The desired curve is shown in Figy6.21. It consists of circular arcs.

=

T~

Fig. A6.21

A

25. The desired curve is shown in Figx6.22. It consists of circular arcs.

Fig. A6.22

7
1. The desired envelope is the parabola showadm the figureA7.1. It is similar
to the parabola shown bluein the same figure. Thamilarity ratio is 2.

2. The desired envelope is te#ipseshown inredin the figureA7.2. It is similar
to theellipseshown inbluein the same figure. Thamilarity ratio is 2.
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Fig. AT7.2
3. The desired envelope is tligperbolashown inred in the figureA7.3. It is
similar to thehyperbolashown inbluein the same figure. Th&milarity ratio is 2.

Fig. A7.3

Fig. AT.4




6. Consider circles with cent€ and radii 1 and 3. Let poiitbelong to the circle

of radius 3. PoinB is obtained by rotating poimt around pointO by an angld
counterclockwise. Line c is obtained by rotating line OB around Bdigtan angle

t/2 counterclockwise. Consider the unit circle with cerRethat is internally
tangent to the circle of radius 3 at pdBitLet D be the point of tangency of this
circle and the circle of radius 1, afdbe the intersection point of this circle and
line c (Fig. A7.6, a). Then point belongs to the cardioid, and lices tangent to

this cardioid. Consequently, this cardioid is the envelope of the family of lines ¢
(Fig. A7.6, b).

TN
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a) b)
Fig. A7.6

7. Consider circles with cent€ and radii 4 and 1. Let poitbelong to the circle
of radius 4. PoinB is obtained by rotating poimt around pointO by an angld
counterclockwise. Line c is obtained by rotating [@i&@around poinB by an angle
2t clockwise. Consider the unit circle with cenethat is externally tangent to the
circle of radius 4 at poir. Let D be the point of tangency of this circle and the
circle of radius 1, an@ be the intersection point of this circle and lo&ig. A7.7,
a). Then pointC belongs to the astroid, and lireis tangent to this astroid.
Consequently, this astroid is the envelope of the family of kr{€gy. A7.7, b).

Fig. AT7.7
8. Let a circle with centelP and radius 2 roll along the unit circle with cerferA
is the point of tangency of these circl€sis a point fixed on the rolling circle.
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Consider the unit circle with centérthat is tangent to the unit circle with center
O at pointA (Fig. A7.8, a). Denote bR the intersection point of the radiB€ and

the rolling unit circle. Note that the arc lend{B of this circle equals the arc length
AC. Consequently, poire belongs to the cardioid. The diame@D of the circle

of radius 2 will be perpendicular to the segment connecting Banfithe rolling

unit circle to pointA. Therefore, this diameter lies on the tangent to the cardioid.
Hence, the envelope of the family ohtheter<CD is the cardioid (FigA7.8, b).

D

Fig. AT7.8
9. Let a unit circle with centdp roll along the unit circle with centéd. A is the
point of tangency of these circlgsS,is a point fixed on the rolling circl€D is a
diameter. Consider the circle with cen@@and radius 0.5 that is tangent to the unit
circle with cente© at pointA (Fig. A7.9, a). Denote b the intersection point of
this circle and the segmeRC. Note that the arc lengthB equals the arc length
AC. Consequently, poir belongs to the trajectory of a point fixed on a circle of
radius 0.5 rolling externally along the unit circle, and IBf¢ is tangent to this
trajectory. Therefore, the envelope of the family of diame@#ss the trajectory
of a point fixed on a circle of radius 0.5 rolling externally along a circle of radius 1
(Fig. A7.9, b).




10.Let a unit circle with centd? roll inside a circle with centéd and radius 2A

is the point of tangency of these circl€ss a point fixed on the rolling circl&D

is a diameter. Consider the circle with cer@@and radius 0.5 that is tangent to the
unit circle with cente© at pointA (Fig. A7.10, a). Denote bR the intersection
point of this circle and the segmd?€. Note that the arc lengthB equals the arc
length AC. Consequently, poirB belongs to the trajectory of a point fixed on a
circle with centelQ rolling inside the circle with centéd, and lineBP is tangent
to this trajectory. Therefore, the envelope of the family of diameZ&sds the
astroid (FigA7.10, b).

a)

Fig. A7.10

11. Similarly to how it was done for the previous problem, it is shown that the
desired envelope is the Steiner curve (Aig.11).

Fig. A7.11

12.SegmentsAB are diameters of circles of radic/? that are internally tangent to
the circleof radiusc. As was shown in the solution to Exercise 7, the envelope of
such segments is thastroid (Fig. A7.12)13. The envelopds a segment of a
parabola(Fig. A7.13).
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Fig. AT.13 Fig. A7.14
It is true for any angle (Fig. A7.14ndeed, from tk properties of the parabola, it
follows that the length of the segmehtd Bsdndependent of the position of the

point of tangencyC. The equalitie®) 6 —, 0 6 ——, hold, from which the

equality0 6 0 6 — follows. Therefore, it does not depend on the choice of

the position of poinC.
14. From the properties of thgarabolait follows that the desired envelopeasn
arc d the parabola (Fig. A7.15). It is true for any angl®B and ACB such that

"WOUW 000 pYTd

NG

0O ‘ﬂt I

15. From the properties of the ellipse it follows that the desired envel@redsc
of thedllipse (Fig A7.5B). It is true for any angl&OBandACBsuch that & 0 w

"0006 pyYymd _
b

Fig. AT.17T
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16.From the properties of theyperbolait follows that the desired envelopeais
arc d the hyperbola (Fig. A7.7). It is true for any angldOBandACB such that
"0 066 pYTd

17. Let a unit circle pass through poifxtof a given unit circle with cent&d, and
let its centeP belong to the given circle. Consider the unit circle with ceQtirat

is tangent to the given circle at pof(Fig. A7.18). Denote byB the intersection
point of rayOP with this circle, and by the intersection point of the circles with
centersP and Q. Note that the arc lengtPA equals the arc lengtiC.
Consequently, poin€ belongs to the trajectory of a point fixed on a circle with
centerQ rolling along the circle with cent&d. This trajectory is a cardioid. Line
BCis tangent to the circle with centeand to this cardioid. Therefore, this cardioid
Is tangent to the circles with cent&smeaning it is the envelope of this family of
circles

Fig. A7.18 Fig. A7.19

18. Circles with diameteAB are obtained from circles with centdBspassing
through pointA by a homothety with centeA and factor 0.5. Therefore, the
envelope of the family of circles with diamet&B is obtained from the envelope
of the family of circles with cente8. As shown in the solution to the previous
exercise, the envelope of the family of circles with cenirs a cardioid.
Consequently, the desired envelope of the family of circles with diam&Beis
the cardioid (FigA7.19).

19. As follows from the solution to Exercid®), the desired envelopes are two arcs
of an astroid (FigA7.20).

A B BD D c

Fig. A7.20

166



1.120°.

2. Through pointe o rDDar an dA grawiasttaight line. Its intersection
point with arcD D I's dEnotTelde atsangent sgt ok&ntdh e
will be perpendicular to segmeBtE . Consequentl vy, t he

will be the widthh of the curve in the direction of ilEE h=r+a+r1 bl c
=2r+ai bi c Clearly, this value does not depend on the choice of goint o0 n
arcD D (Fig. A8.1).

Fig. A8.1 Fig. A8.2

Now consider poinE omDar cThr ougIC, dratv a straight p o
line. Its intersection point with af@ D I's dEnotTehde atsangent ¢
at pointse &ndwi | | be per pElbdi cCwlnare qtue nsd g
of this segment will be the width of the curve in the directionoffiie . |t e q
rib+a+ric=2r+ai bi c Clearly, this value does not depend on the choice
of pointE omMDarcln a similar mannEr ,oni tar
DD , the width of trkeibderve is al so e

3. Recall that the lengthof an arc of a circle with radil® and central anglg is
given by the formuld= 3 R. Let the angles of triangleBCbe/, 1, r respectively.
Then the length of ad D e q u and the length of af@ D eq@atis

b i c¢). Their sum equalg’Q Similarly, the sum of the lengths of ardsD and
DD e g @and the sum of the lengths of alx® dDDd e gRaANus

the length of the entire curve equal®+ "Q+ r'Q=( +1 +r)h=AQi. e, it
equals the circumference of a circle with diamétéfig. A8.2).

[X]
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4, —'7'_. 5.144°.6. The required curve is shown in Figuk&.3. It consists of arcs

1,2, 3,4,5, 6 of circles with centersfaC, B, A, C, Brespectively7. The required
curve is shown in Figuréd8.4, h=a+2r+ b + c i d. 8 The required curve is
shown in FiguréA85,h=a+2r+b+di ci e

Fig. A8.5

9. The corresponding file is available on the websitemirnov.run the "Geometry
with GeoGebra" sectiorl0. The corresponding file is available on the website
vasmirnov.run the "Geometry with GeoGebra" section.

9
1.0y=0; x80.2.0k=aB y=hb.3.xiyi1=0409Qxiyil = &;
+2y1 8=052XTy+5=06.x7T 2y+10=07.Qy=3; xB-L; xday+ 2
5=08c¢co w o0 T™I.Qx+yil = &i3ys8d=020Qy=x, )

=2 yEN5GYy=-x, W2 VYFX0,5011Qp-; -BJl2x+yil
=0.13.xi 2y+7=0,ph ¢ .14.a:x+ 3yi 3=0;ax: 2Xi y+2=0.15.0 1,

3; BU6.QGL-A).; BUL7.Q@XAHYy-53FD, B PXi y+1=0.18.0 4xi

7y +14=0,4x+ 5yi 13=0,4x1 yi 6=0, ¢-fo-; xd@ By+8=0, X1 4yi
20=0,xi 3=0, ofg-; &«&)8yR25=0,6+8yi41=0xi2= 0; @)
0).19.9 , ©20.0d08 Y-.21.0) 2, 422.Qmyi byt 4 O:8) i ax

+ by + = 0; 9) ax+ byT1 = 0.

10
1. This equation is reduced to the ford - W - — — @fo

— —, then this equation defines a circle with center at pdint -h - and

radius’Y -———— 2. 1+ ,y= - 3.A parabola with focus-fit and
directrix & - (Fig. A10.1). 4. The equatior® G ® & s reduced to
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theformow © 0 — — (Iﬂtdefinesaparabolawith focus —h— and

directrixy= ——. 5. An ellipse with fociF; mh ,F2 h— (Fig.A10.2).

e
Cd

Fig. A10.1 Fig. A10.2

6. The equationdm w® G Qw Q Tis reduced to the forndd

— 0O — — — Q which defines an ellips&. Let Ai(-a, 0), Ax(a,
0),C(x,y).0 0 W 0w w,00 W ®  .We have the equation
® ® ®w o O o &, which simplifies to®@ © — .
This is the equation of a circle with centeiC{0, 0) and radius’ — .8

The curve defined by the equatian ®  pis shown in Figuré&10.3, a. Rotate
it around the origin byo ft We obtain the curve shown in Figu#d 0.3, b. Its
equation has the forkd  w  p. Consequently, this curve is a hyperbola.

\/
1

]

L

N
a

Fig. A10.3 )

9. The equationdm @ G Qw Q T1is reduced to the forntd &

— 0w — — — 'Q which defines a hyperbolal0. The curve

defined by the equatiot w p is shown in FiguréA10.4, a. Rotate it around the
origin byt Oclockwise. We obtain the curve shown in Figade®.4, b. Its equation

has the form— — p. Consequently, this curve is a hyperbola.
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| byrd

a) 6)
Fig. A10.4

11. Hyperbola.12. Ellipse. 13. For the coordinates of points of this curve, the
equality ® ®w Q w w ® holds. It is reduced to the form

v — W and defines a circle, which is called the Circle of
Apollonius. FigureA10.5 shows such a circle fas  0,Q ¢.

v

.a-"'-f#
.a-'ff.-’ C
.-"’j-'
AT p
-4 -2 -1 0 1 A" 2 a

Fig. A10.5 Fig. A10.6
14. For the coordinates of points of this curve, the equality Q ® )

@ holds. Itisreduced to theformm p — @ — — fQ p,
it defines an ellipse. Figu10.6 shows an ellipse for whicR ¢, o.

15.1f 1 "Q p, then the equatio P — W — —— defines a
hyperbola. Figuré\10.7 shows a hyperbola for whid@ 1@, ® o.

Fig. A10.7 N Fig. A10.8
16. Consider poinb i and lineugiven by the equatio Tt Find the locus of
pointsO ot for which the sum of the distances to paind linewis equal to a
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given numbe & (Fig. A10.8). We have the equatiorn  ® ® "W

o) from which we obtain two equatiors® MW ® O (W ;¢ QO

W W ® & o(w . These equations define parts of two parabolas. To
obtain this locus of points in the GeoGebra software, create stifl@jsando.
Construct poin® 1) and linecgiven by the equatiod Tt Construct a line
given by the equatiotb o. Construct a circle with centérand radiuso ~ 6.

Mark the intersection points of the constructed circle and line. In the properties of
these points, select the "Show Trace" option. When changing the value obgslider
these points will leave a trace in the form of parts of two parabolasXEiP).

__/’ . \C

“tglﬁ +

Fig. A10.9 Fig. A10.10
17. Consider point®  ¢tit andd ¢t . Find the locus of point$ oo for which
the sum of the squares of the distances to pAlatsdB is equal to a given number
@ T(Fig. A10.10). We have the equatiom (o W W © 0 Q

from which we obtain the equation ®© - If - @, then this equation
defines a circle. To obtain this locus of points in the GeoGebra software, create
sliderscy 6y ando. Construct point®  ¢fit andd ¢ft . Construct a circle with
centerA and radiug. Construct a circle with centBrand radiu#iw 0 . Mark the
intersection points of the constructed circles. In the properties of these points, select
the "Show Trace" option. When changing the value of sliddrese points will

leave a trace in the form of a circle (FAgLO.11).

sa=1 v
15

1

Fig. A10.11 Fig. A10.12
18. Similarly to the solution of the previous exercise, it is proved that the desired
locus of points is the lined @ @ 19. Create a slideé) In the "Input” bar, type
W W owwwTt We obtain the Folium of Descartes (Fi§10.12). 20.
Introduce a coordinate system for whieh ¢t , "O ¢tit (Fig. A10.13).
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_ Fig. A10.13 Fig. A10.14
Let pointd aiw belong to the lemniscate. The distances from @it points™O,

"O are respectively w @ w0, w & . Since the product of these
distances equalts , we obtain the equation

which, upon transformation, yields the desired equation of the lemniscate

To obtain the lemniscate defined by this equation in the GeoGebra software, create
a slidera In the "Input” bar, typéx"2+y"2)"2=2a"2(x"2i y*2) and press "Enter".

The lemniscate will appear on the screen. The valaeah be changed. The shape

of the lemniscate will also change accordingly. Fight8.14 shows the Bernoulli
lemniscate for whiclw p. 21. FigureA10.15.

o

4 45 0 05 1 1 2 a
=5
-1
a) b)
Fig. A10.15
22. FigureAl10.16.
05 0.5
h 45 o 05 45 1 -05 0 s 1 1B
05 mi
a) 0)

Fig. Al10.16
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23. FigureA10.17.

1.5

0.5

o 0.5 1 1.5 2 2.5

Fig. A10.17 Fig. A10.18

24. FigureA10.18.25. FigureA10.19.

Ca

0.5

Fig. A10.19 Fig. A10.20
11

1 ® o ‘Y 5 ® O ® oo ® uvoh

0 o0 Y8 & W W 0w W o8 " ® uloos

0 o 0 h

, 5. For the ellipse defined by the parametric equations
0w W O 08

@ AT 6

o 00 BE et's create sliders for a and b. In the "Input” bar, type: Curve(acos(t),

bsin(t), t, 0, 2Pi) and press "Enter”. This will produce an ellipse. Changing the
values of the sliders will change the shape of the ellipse. FAfLtd shows the
casea=2,b=1.
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Fig. Al11.1 Fig. A11.2

6. For the hyperbola defined by the parametric equatigns E))g gglet's Create

sliders for a and b. In the "Input" bar, type: Curve(acosh(t), bsinh@),2). This

will produce one branch of the hyperbola. To obtain the second branch of the
hyperbola, simply type Curve(cosh(t), bsinh(t), t2, 2). Changing the Waes of

the sliders will change the shape of the hyperbola. Figtile2 shows the case a
=1,b=2.

7. Create a slider fa@. In the "Input” bar, type: Curve(3a*t/(1+t"3), 3a*t"2/(1+t"3),

t, -40, 40) and press "Enter". This will produce the Folium of Descartes. Changing
the value of the slider will change the shape of the Folium of Descartes. Figure
Al1.3shows the case far= 1.

ea=1 T
15

1

15 4 05 of o5 1 15 2

0.5 \
-1

Fig. A11.3

8. Let the unit circle initially be tangent to the origin. A point is fixed on the
extension of the circle's radius and is at a distalee from its center. Suppose
the circle rolls along th®©x axis and moves to poi. The center of the circle
moves to poinP. The point fixed on the circle moves to poti(Fig. A11.4).

=y
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Let “60 0 o For the coordinatesx, y of point C we have
w 00 60 0 QAT 6 wnJ 6 QI Bh
w 00 60 p QXVEd wnd p QAITM®
Thus, the parametric equations of the prolate cycloid are the equations
w 0 QI Bh
w p QAT
To obtain a prolate cycloid in the GeoGebra software, you need to create d slider
> 1. In the "Input" bar, type: Curvedtsin(t), 1-d*cos(t), t, 0, 2Pi) and press
"Enter". The result will be a prolate cycloid (FA11.5).

]

B

i
(
¢

-1

FiSgd FecesraEed et Fak s W ek

Fig. Al1.5

9. To obtain the motion of a point along a prolate cycloid (d > 1) in the GeoGebra
software, you need to:

1) create a slider a, varying from 0 to 2Pi;

2) construct a circle with center (a, 1) and radius d;

3) mark on it the point with coordinates-@sin(a), 2d*cos(a)) and connect it
to the center of the circle with a segment;

4) in the "Input" bar, type: Curve@*sin(t), 1-d*cos(t), t, 0, a) and press
"Enter";

5) turn on the animation.
As a result, the circle will roll along theaxis, and point C will trace a prolate
cycloid (Fig.A11.6).

Fig. Al11.6

10. Similarly to how it was done for the prolate cycloid, it can be shown that the
parametric equations of the curtate cycloid (FAL1.7) are the equations

w 0 Q3D Bh

w p QATOS
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Fig. A11.7
To obtain a curtate cycloid in the GeoGebra software, you need to create a slider d,
where 0 <d < 1. In the "Input" bar, type: Curvefsin(t), 1-d*cos(t), t, 0, 2Pi) and
press "Enter". The result will be a curtate cycloid (A#1.8).

\:/\/

a ] 2 ¥ 4 8 8

Fig. A11.8
11. To obtain the motion of a point along a curtate cycloid (0 < d < 1) in the
GeoGebra software, you need to:

1) aeate a slider a, varying from 0 to 2Pi;

2) construct a circle with center (a, 1) and radius d;

3) mark on it the point with coordinates-sin(a), 2d*cos(a)) and connect
it to the center of the circle with a segment;

4) in the "Input” bar, type: Curve@*sin(t), 1-d*cos(t), t, 0, a) and press
"Enter";

5) turn on the animation.
As a result, the circle will roll along theaxis, and the point will move along the
curtate cycloid (FigA11.9).

. \
\ . |
III l|

Y )r'l

=1 o 1 F3 3 4 5 &

Fig. A11.9
12. To obtain a cardioid in the GeoGebra software, in the "Input" bar you need to
type: Curve(2 cos+cos 2t, 2 sin t sin 2t, t, 0, 2Pi) and press "Enter". The result
will be a cardioid (FigA11.10).
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Fig. A11.10 Fig. A11.11

13. To obtain the motion of a point along a cardioid you need to:

1) aeate a slider a, varying from 0 to 2Pi;

2) construct a circle with center (a, 1) and radius 1;

3) mark on it the point with coordinates ((2 cos@s 2a, 2 sin asin 2a))
and connect it to the center of the circle with a segment;

4) in the "Input" bar, type: Curve(2 cos¢os 2t, 2 sin t sin 2t, t, 0, a) and
press "Enter";

5) Turn on the animation.
As a result, the circle with center Q will roll along the circle with center O, and
point C will move along the cardioid (Figl11.11).
14. a) FigureA11.12 15. FigureA11.13

/?é
| 4
Rt%

Fig. A11.12

16. FigureA11.14 17. FigureA11.15

Fig. A11.14 Fig. A11.15
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18. FigureA11.16 19. FigureA11.17.

—

0k A

A

s L] =0& L]

B -nE

e

%

]

Fig. Al11.16 Fig. A11.17

- ® cCATOO QAT évh
200w p2l o OB QBEES
cardioid (FigA11.18.22. If 0 <d < 1, the result is a curtate cardioid (Rg1.19.

o (A
B Ak

Fig. A11.19

Z\'l'ocxl\'ro()&)ﬁ% ® p OmBh
OBIcATOO ©8 ™ & Ogp OmI8

12
1.a) ¢, b) (K, V). 2.a) (2,0); b) (10,0): ©) (2, -): @ (2,—). 3. Figer
A12.11.
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. w 0ATo0
4.FigerAl2.1 5. o 0B

B6' FigerAl12.2 7. FigerAl12.2 8.

w AT, :
o oD E‘)Bg' FigerAl12.3 10.FigerAl2.4
A
C
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-12 1 0B - - 23 24 0OE OB 1 12 i tp h_
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Fig. A12.3 Fig. Al12.4
11.FigerAl12.5 12.FigerAl12.6.
vA
1
vA
C
C
prd
r
® . 9] I %
0 x
Fig. A12.5 Fig. A12.6

13.FigerAl12.7. 14.FigerAl12.8.

(0]

Fig. A12.7

15.FigerA12.9. 16.FigerAl12.10

179



Fig. A12.9 Fig. A12.10

17.FigerA12.11 18.FigerAl12.12

Fig. A12.11 Fig. A12.12

19.FigerA12.13. 20.The equalityCF = CD (Fig. A12.14) can be rewritten as
¢ 1 DA T30from which the desired equation follows.

W/ D! 2a E C
- ! % z;’
= ’ d -
> F
d \

Fig. A12.13 Fig. A12.14

21.Let us apply the law of cosines to triangig--C (Fig. A12.15. We obtain the
equality i ¢® Tt 1| TwidA [ 3®from which the desired equation

i follows.
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Fig. A12.15 Fig. A12.16
22.Letus apply the law of cosines to triangig->C (t d. i412.16). Weobtainthe

equality i c® T | T®IA T 3Bfrom which the desired equation
i 5 23. @) parabola b) ellipse; c) hyperbola 24.1 Q—— (Fig.
Al12.17.25.1 —— (Fig. A12.18.

1

B

3 c

A

@ 1 >P 3 4

-1

=2 _

Fig. A12.17 Fig. A12.18

26. Let us use the equation of Bernoulli's lemniscate in Cartesian coordinates
O W CO W ® . Substitutew 1 AT300 i D Elinto it. We
obtainthe desiredequationi ¢ AT¢Q. 27. By the law of sines applied to
triangleABC, we have the equality , from which we obtain the desired

equation 'Q—— (Fig.Al12.19.

Fig. A12.19 Fig. A12.20
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28.1 CQA T30Qcircle (Fig. A12.20Q. 29. Let us use the equatithe strophoid
I Q——(Fig. A12.17). Ther@Q X ‘Q 8Henceunder inversion

with respect to a circleith centerO andradiusd, the strophoid maps onto itself.
30. This parabola is given by thequationin polar coordinates ——. Its

inversionwith respect to a circleith center- andradiusRis given by the equation
i  — 3D E%, which is the equatiom polar coordinatesf Pascad s <Figa i |
Al2.21).

Fig. A12.21 Fig. A12.22

. Its

31. This parabola is given by theguationin polar coordinates
inversionwith respect to a circlevith centerO andradiusR, is given by the
equationi — which is the equation polar coordinate®f Diocle® s

cissoid (Fig. @12.2). 31. This hyperbola is given by the equatid{m po]ar
coordinated Al ¥ p. Its inversion is given by the equation AT @3,
which is the equatiom polar coordinatesf Bernoulli's lemniscatéFig. A12.23).

Fig. A12.23 Fig. A12.24

32. Strophoid (Fig. A12.2). 33.Pascad s ¢$Fig.aAl2.5).
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Fig. A12.25

13
2.Figer A13.15. Figer A13.2.

.[; .G

Fig. A13.1 Fig. A13.2

c)

8. FigerAl13.3.

a)

9. FigerAl34.

Fig. A13.3
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11.FigerA14.1. 12. FigerAl4.2.

Fig. Al4.1

13. FigerAl14.3. 14.FigerAl4 4.

Fig. A14.3
15.FigerAl14.5. 16.FigerAl4.6.
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Fig. Al14.5 Fig. A14.6
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    B 1   B 2


    C 1   C 2


    A B ˘


    E F ˘


    A B ˘


    G H ˘


  α


  φ


  α


  α


  ψ


  ψ


  φ


    P Q 2 = 2   d 2 − 2   d 2  cos ⁡ α .


    P Q 2 = 2   r 2 − 2   r 2  cos ⁡ ψ


    r 2 =   d 2 − 1 .


    d 2  ( 1 −  cos ⁡ α ) =  (   d 2 − 1 )  ( 1 −  cos ⁡ ψ ) ,


    d 2 =   1 −  cos ⁡ ψ   cos ⁡ α −  cos ⁡ ψ =   1 +  cos ⁡ φ   cos ⁡ α +  cos ⁡ φ .


  α


  φ


  d =  1 +  5
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    F 1 A


    F 1 A   F 2


  B   F 2


    F 1


  B


  B   F 1 + B   F 2 > c


    F ′


    F  ′ ′


    a 1 ,   a 2


    F 2   F ′


    F 2   F  ′ ′


    A 1 ,   A 2
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    F 1
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  c   –  A   F 1


    F 2


  A , B


    O 1


    O 2


    O 1


    O 2


    O 1


    O 2


  ∠


  ∠


    A   F 1 ′ 2 + A     F 2 2 =     F 1 ′   F 2 2


    A F 1 ′ = A   F 1


    F 1 ′   F 2 = c


    A   F 1 2 +   A   F 2 2 =   c 2


    2 A   F 1 2 +   2 A   F 2 2 =   4 O A 2 +   d 2


    4 O A 2 = 2   c 2 −   d 2


    O A 2 =   2   c 2 −   d 2 4


  R =         c 2 −   d 2 2 
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   (   y 2 −   y 1 )  ( x −     x 1 ) −  (   x 2 −   x 1 )  ( y −     y 1 ) = 0 .
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  h =   | a   x 1 + b   y 1 + c |     a 2 +   b 2 .
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  y =   − x ′ ∙  sin ⁡ φ + y ′ ∙ cos   φ .


  y =   − x ′ ∙  sin ⁡ φ + y ′ ∙ cos   φ .


    a ′ 11   x ′ 2 +   a ′ 12 x ′ y ′ +   a ′ 22   y ′ 2 + 2   a ′ 10 x ′ + 2     a ′ 20 y ′ +   a 00 = 0 ,  
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    a ′ 11   x ′ ′ 2 +   a ′ 22   y ′ 2 + 2     a ′ 20 y ′ +   a ′ ′ 00 = 0    ( 3 ) .
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   {      x = x ( t ) ,     y = y ( t ) .
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   {     x = R cos ⁡ t ,    y = R sin ⁡ t .


      x 2    a 2 +     y 2    b 2 = 1


   {     x = a cos ⁡ t ,    y = b sin ⁡ t .


      x 2    a 2 −     y 2    b 2 = 1


   {     x = a cosh ⁡ t ,    y = b sinh ⁡ t ,
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  ∠ C P Q = t
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   {     x = t − sin ⁡ t ,    y = 1 − cos ⁡ t .
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  x = O B − O E = O P ∙   cos ∠ P O E ⁡  + P C ∙  sin ⁡  ∠ C P E =  


  =  ( 1 + r )  cos ⁡   ( r t ) − r ∙  cos ⁡   ( t + r t ) ,


  =  ( 1 + r )  cos ⁡   ( r t ) − r ∙  cos ⁡   ( t + r t ) ,


  y = O F − O D = O P ∙   sin ∠ P O E ⁡  − P C ∙  cos ⁡  ∠ C P E =


  y = O F − O D = O P ∙   sin ∠ P O E ⁡  − P C ∙  cos ⁡  ∠ C P E =


  =  ( 1 + r )  sin ⁡   ( r t ) − r ∙  sin ⁡   ( t + r t ) .


  =  ( 1 + r )  sin ⁡   ( r t ) − r ∙  sin ⁡   ( t + r t ) .


   {     x =  ( 1 + r )  cos ⁡   ( r t ) − r ∙  cos ⁡   ( t + r t ) ,    y =  ( 1 + r )  sin ⁡   ( r t ) − r ∙  sin ⁡   ( t + r t ) .


   {     x = 2 cos ⁡ t − cos ⁡ 2 t ,    y = 2 sin ⁡ t − sin ⁡ 2 t .


   {     x =  ( 1 − r )  cos ⁡   ( r t ) + r ∙  cos ⁡   ( t − r t ) ,    y =  ( 1 − r )  sin ⁡   ( r t ) − r ∙  sin ⁡   ( t − r t ) .


   {     x =  3 4  cos ⁡    t 4 +  1 4  cos ⁡    3 t 4 ,    y =  3 4  sin ⁡    t 4 −  1 4  sin ⁡    3 t 4 .
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  r


  =  1   sin ⁡ φ
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